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ABSTRACT. Let k be an algebraically closed field of characteristic p > 0. Let D 
be a p-divisible group over k which is not isoclinic. Let D (resp. 2)^) be the formal 
deformation space of D over Spf(VF(/c)) (resp. over Spf(/c)). We use axioms to construct 
formal subschemes Sk of that: (i) have canonical structures of formal Lie groups 
over Spf(/c) associated to p-divisible groups over k, and (ii) give birth, via all geometric 
points Spf(-ftr) — )■ Sfc, to p-divisible groups over K that are isomorphic to Dk- We also 
identify when there exist formal subschemes S of 2) which lift and which have natural 
structures of formal Lie groups over Spf(VF(/c)) associated to p-divisible groups over W{k). 
Applications to Traverso (ultimate) stratifications are included as well. 

KEY WORDS: p-divisible groups, formal deformation spaces, formal Lie groups, F- 
crystals. Lie algebras, affine group schemes, and stratifications. 

MSG 2000: IIGIO, 11G18, 14F30, 14G35, 14L05, and 20G25. 
1. Introduction 

Let p G N be a prime. Let k be an algebraically closed field of characteristic p. Let 
W{k) be the ring of Witt vectors with coefficients in k. Let B{k) be the field of fractions of 
W{k). Let a := cTfc be the Frobenius automorphism of W{k) and B{k) induced from k. Let 
c, (i e NU{0} be such that r := c+d > 0. Let D be a, p- divisible group over k of codimension 
c and dimension d] its height is r. Let D(D) = (M, i}) be the crystalline (contravariant) 
Dieudonne module of D in the sense of [BBM, Def. 3.1.5], where cp and i!} are the F and V 
of loc. cit. We recall that M is a free VF(/c)-module of rank r and that : M — )■ M is a a- 
linear endomorphism such that we have pM C (p^M). The Verschiebung map d : M M 
of is a cT-linear endomorphism such that we have do(l) = cl)0'd=plM- In what follows 
we will simply call (M, cj)) the Dieudonne module of D. We denote also by (f) the a-linear 
automorphism of End(M[i]) that takes e G End(M[i]) to (f){e) := (poeo = 'd~^ oeod. 

If Spec(A) is a local, complete, noetherian scheme, let Spf(A) be the affine formal 
scheme defined by the maximal ideal of A. Let R := W{k)[[xi, . . . ,Xcd]]- The formal 
deformation space D oi D over Spf(VF(/c)) is representable by Spf(i?), cf. [II, Cor. 4.8 
(i)]. Throughout the paper we fix an identification D = Spf(i?). Let T>k := Spf(i?/pi?); 
we identify with the formal deformation space of D over Spf(/c). The categories of 
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p-divisible groups over Spec(i?) and Spf(i2) are canonically identified, cf. [Me, Ch. II, 
Lemma 4.16]. Therefore there exists a unique p-divisible group D over Spec(i?) that gives 
birth to the universal p-divisible group 2)* over D = Spf(i?). Both and D are versal 
deformations of D, cf. [II, Cor. 4.8 (ii)]. 

A formal Lie group 3^ (resp. Ufc) over Spf(VF(/c)) (resp. over Spf(/c)) is a contravariant 
functor from the category of local, artinian W (k) -schemes (resp. fc-schemes) of residue field 
k into the category of groups which, when viewed as a functor into the category of sets, 
is representable by Spf(5') (resp. by Spf{S/pS)), where S = W{k)[[xi, . . . for some 

number n G NU{0} called the dimension of J' (resp. of 3^k) (see [Me, Ch. 2, Def. 1.1.5] and 
[Fo]). We recall that the category of connected p-divisible groups over W{k) (resp. over k) 
is equivalent to the category of divisible commutative formal Lie groups over Spf{W{k)) 
(resp. over Spf(/c)), cf. [Ta, Sect. 2, (2.2), Prop. 1]. This equivalence of categories is 
achieved via the association on objects A— > i^om((Zp)vi/(fc), A) (resp. A— ?> ifom((Zp)fc, A)). 
The short exact sequence of group schemes — )■ {'Z'p)w{k) ~^ (Qp)vK(fe) ~^ (Qp/^p)vK(fe) ~^ 
over W{k) (resp. its analogue over k) gives birth to a coboundary functor 

Hom{{Zp)wik),^) ^ Ext\{Qp/Zp)wik),^) 

(resp. Hom{{'Lp)k, A) — >■ Ext^{{Qp/'Lp)k, A)) which is an isomorphism of formal Lie groups 
over Spf(VF(A;)) (resp. over Spf(A;)) (see [Va4, Lemma 5.3.1.2] for this well known fact) and 
which is functorial in A (this is a standard cohomological property). 

The classical Serre-Tate ordinary theory shows that if D is ordinary, then 2) has a 
canonical structure of a formal torus over Spi{W{k)) (see [De, Subsect. 2.1 A)] and [Ka2, 
Thm. A3.1]). This theory was generalized in [Va4] to abstract and geometric contexts 
pertaining to integral canonical models of Shimura varieties of Hodge type. Roughly, in 
[Va4, Chs. 5 and 9] it is shown that in many cases (some of them are described in Example 
1.8), D has formal subschemes S that have the following two main properties: 

(i) they have canonical structures of formal Lie groups over Spf{W{k)) which are 
isomorphic to formal Lie groups over Spf(VF(/c)) associated to p-divisible groups over W{k) 
whose special fibres have Dieudonne modules that sit naturally inside the pair (End(M), (p); 

(ii) the restriction of 2)^ to S H Dk is geometrically constant in the following sense. 

1.1. Definition. Let C be a p-divisible group over Spec(/c[[a;i, . . . , Xn]]) that lifts D. Let 
be the p-divisible group over Spf(A;[[xi, . . . , Xn]]) defined by C We say that either <t or 
is geometrically constant, if the following property holds: For each algebraically closed 

field K that contains k and for every morphism / : Spec(i^) — > Spec(A;[[a;i, . . . ,a;n]])) the 

p-divisible group /*(€) is isomorphic to D^- 

The goal of the paper is to put forward basic principles that govern the phenomena 
described by properties (i) and (ii) above. We will use axioms to identify: (a) formal sub- 
schemes Sfc of Dfc for which Sfc XDj. is geometrically constant and which have canonical 
structures of formal Lie groups over Spf(/c) isomorphic to formal Lie groups over Spf(A;) 
associated to p-divisible groups over k, and (b) when there exist formal subschemes S of 
D which lift Sfc and which have natural structures of formal Lie groups over Spf{W{k)) 
isomorphic to formal Lie groups over Spf{W{k)) associated to p-divisible groups over W{k). 
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The importance of the smooth formal subschemes Sk ^ind S stems from the study of 
smooth integral models of Shimura varieties of Hodge type over local, etale Z(p) -algebras. 
Each such smooth integral model M is a moduli space of polarized abelian schemes which 
are endowed with symplectic similitude level structures and with families of specializations 
of Hodge cycles (see [Mil, Sect. 2], [Mi2, Sects. 3 and 4], [Val, Sect. 4], etc.). The special 
fibre S of M is endowed with many types of stratifications as well as with certain groups 
of Hecke operators which leave invariant the corresponding strata. A very important 
stratification of S is the Traverso (ultimate) stratification which can be defined similarly 
to either [Va2, Thm. 5.3.1 and Subsubsect. 5.3.2] or [Va3, Subsubsect. 4.2.4] and whose 
strata parametrize certain isomorphism classes of Dieudonne modules endowed with extra 
structures (i.e., with a group as in [Va2, Def. 1.1]). In practice, the 9fc's are slices of 
the local Traverso strata i.e., are slices of the smooth formal subschemes of that are 
defined by strata of the most general Traverso stratifications and that are invariant under 
large subgroups of Hecke operators (see Subsection 5.2 for local Traverso strata defined 
abstractly). Moreover, each 9 is a good lift of 9fe over Spf{W{k)) which is supposed to 
be also invariant under large subgroups of Hecke operators and which (for instance, see 
Example 1.8) can be often used to identify canonical or quasi-canonical lifts of D (endowed 
with extra structures) to finite, discrete valuation ring extensions of W{k). 

Each new structure on (like the ones provided by the formal Lie group structures 
on 9fe's) represents a new tool towards the study of groups of Hecke operators on S. Such 
tools play key roles in identifying Shimura subvarieties of Shimura varieties of Hodge type 
(see [Mo]), in computing different cohomology groups of simple Shimura varieties (see 
[HT]), in studying the Zariski closures of different Hecke orbits (see [Chi]), etc. 

In Subsection 1.2 we introduce the language of Newton polygon slopes. In Subsection 
1.3 we recall standard descriptions of the tangent space of Dk- In Subsection 1.4 we present 
four axioms. Our main results are stated in Subsections 1.5 and 1.6. Subsections 1.7 to 1.9 
contain examples. Subsection 1.10 outlines very briefly the main problems left unsolved. 
Subsection 1.11 details on the contents of the paper. 

1.2. Slopes. Dieudonne's classification of F-isocrystals over k (see [Di, Thms. 1 and 2], 
[Ma, Ch. 2, Sect. 4], etc.) implies that we have a direct sum decomposition 

M[-] = (Ba€wW{a) 
P 

that is stable under (p and that has the property that all Newton polygon slopes of 
{W{a),(f)) are a; here W is the set of Newton polygons slopes of (M, (/>). We recall 
that W C Q n [0, 1]. We also recall that if nia G N is the smallest number such that 
niaa e N U {0}, then there exists a 5(A;)-basis for W{a) which is formed by elements 
fixed by p-'^aa^ma _ q^q gg^yg ^j^g^^ jj jg isoclinic if the set W has only one element. We 
consider the direct sum decomposition End(M[^]) = L_(_ © Lq © L- that is stable under (j) 
and such that all Newton polygon slopes of (L_|_, (p) are positive, all Newton polygon slopes 
of (Lq, 4>) are 0, and all Newton polygon slopes of {L_, (f) are negative. Let 

V+ := End(M) n L+ and V- := End(M) n L_. 
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We have three direct sum decompositions L_|_ = (Ba,i3ew,a<i3iiom{W{a),W{P)), 
Lo = eaewEnd(W^(a)), and L_ = ®a,i3€W,a<i3'iiom{W{/3),W{a)). 

1.3. Tangent space of T)k. Let be the Cartier dual of D. Let to and to* be the 

tangent spaces of D and (respectively) at the identity element. Let M := M/pM. Let 
: M — )■ M be the reduction modulo p of (p. Let F'^ := Kcr(0); it is a fc-vector subspace 
of M that has dimension d. Let F°(End(M)) := {e G End(M)|e(F^) C F^}. Let 

T := End(M)/F°(End(M)). 

If a; G Hom(F^, M/F^) and if F G End(M) is an element whose restriction to F^ defines a 
fc-linear map X : F^ ^ M that lifts x, then the image y of F in T depends only on x. The 
association x ^ y is A;-linear and defines a canonical identification Hom(F^, M/F^) = 7. 

Identifying F^ with the dual A;- vector space of to, the tangent space t^t gets identified 
with M/F^. Thus we can identify t^t 0^ to = M/F^ ®a; Hom(F\ A;) = Hom(F\ M/F^). 
As the tangent space of is canonically identified with t^t (g) to (cf. [II, Cor. 4.8 (hi)]), 
it is also canonically identified with Hom(F^, M / F^) and therefore also with T. 

1.3.1. The map u, lifts, and cocharacters. Let 

u : End(M) ^ 7 

be the natural iy(A;)-epimorphism. Let F^ be a direct summand of M that lifts F^; its 
rank is d. The triple {M,F^,(j)) is called a filtered Dieudonne module over fc. One also 
calls F-^ or {M,F^,(f)) as a li/t of {M,(j)). Let : Gjn — ^ GLm be the inverse of the 
canonical split cocharacter of [M.F^^cf)) defined in [Wi, p. 512]. We have a unique direct 
sum decomposition M — F'^ ® F^ such that acts through trivially on F^ and via 
the inverse of the identity character of Gm on F^. We have a direct sum decomposition 

End(M) = Hom(F°, F^) ® End(Fi) © End(F°) © Hom(F\ F°) 

of modules. Let '■ G^. — GLEnd(M) be the cocharacter defined naturally by 

the group G^T^ acts via the inverse of the identity character of G^ on Hom(F°,Fi), acts 
trivially on End(F^)©End(F'^), and acts via the identity character of G^ on Hom(F^, 
We have 0(^-F^ + M) = M. Thus we can write </> = a^ix{^), where : M ^ M is a, a- 
linear automorphism of M. Therefore for x G End(M), we have ^(x) G End(M) if and 
only if X belongs to Hom(F°, F^) ©End(F^) ©End(FO) ©pHom(F^ F°) = Ker(iy). Thus: 

(*) For X G End(M), we have ^{x) ^ End(M) if and only if v{x) i- 0. 

If F+o is a H^(A;)-submodule of End(M) such that the pair (F+o, is a Dieudonne 
module over k (thus F+o C End(M) n (L+ © Lq)), then we have z^(F+o) = (cf. (*)). 
Therefore we can not use F_|_o to construct versal deformations of D. Thus, in order to 
construct versal deformations of D via Dieudonne modules, we will have to use VF(/c)- 
submodules F_ of V_ such that the pair (F_,]30) is a Dieudonne module over k and 
y{FiJ) ^ 0. Accordingly, in the whole paper we will assume that D is not isoclinic (i.e., we 
will assume that V+ and V_ ^ 0) and we will make use of the following list of axioms. 
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1.4. Axioms. For a VF(A;)-submodule E oiV^, we consider the following two axioms: 

(i) the pair {E,p(j)) is the largest Dieudonne module contained in n V-^pcj)); 

(ii) inside the -algebra End(M), we have E"^ := E ■ E = 0. 

Axioms (i) and (ii) imply that there exists an element t G Lq which is fixed by (p 
and such that we have [E, t] = E, cf. Lemma 3.2 (c.i). Thus axioms (i) and (ii) pertain to 
the possibility of using E © W{k)t to produce versal deformations of D that give birth to 
the universal extension in characteristic p of (/ip^o ) fc by a p-divisible group over k whose 
Dieudonne module is (E^pcp); here we identify D((/Xpoo)fc) with {W{k)t,p(j), 

Let -Dp7(A;) be a p-divisible group over W{k) that lifts D. Not to introduce extra 
notations, we assume that the direct summand of M is the Hodge filtration of -DvK(fc)- 
Let F^{E) :=En (End(Fi) End(FO)) and F-\E) —ED Hom(Fi, F^). For the pair 
{E, DvK(/c)), we consider the following two additional axioms: 

(iii) we have a direct sum decomposition E = F^{E) © F~^{E); 

(iv) we have a direct sum decomposition E = (f)(F^(E)) ® p(j){F~^ {E)) . 

Axiom (iii) implies that iil normalizes E. If the axioms (iii) and (iv) hold, then the 
triple {E, F'^{E)^p(j)) is a filtered Dieudonne module over k. 

The two Basic Theorems below are proved in Subsections 3.3 and 3.5 (respectively). 

1.5. Basic Theorem A. Let D he a p-divisible group over k that is not isoclinic. Let 
E be a W{k)-submodule ofV- = End{M) HL^ such that the axioms I.4 (i) and (ii) hold 
for it. Let D~^(i?) be a p-divisible group over k whose Dieudonne module is isomorphic 
to {E, p(j)) . Then to E corresponds canonically a formal subscheme of 2)^ that has the 
following three properties: 

(i) it has a canonical structure of a formal Lie group over Spf{k) isomorphic to the 
formal Lie group over Spfik) associated to the Cartier dual B)~^[EY of'B~^{E) (thus the 
dimension of l-he codimension of 'B~^{E)); 

(ii) its tangent space is i^{E); 

(iii) the restriction of T)^ to geometrically constant. 

One thinks of Sf' as keeping track of the E- deformations of D (in characteristic p) 
in a sense that can be made very precise by using F-crystals (see Subsection 3.3). 

1.6. Basic Theorem B. Let D and E be as in the Basic Theorem A. Suppose that there 
exists a p-divisible group -Dh'(A;) over W{k) that lifts D and such that the axioms I.4 (Hi) 
to (iv) hold for the pair {E, D^^fc)). Then the following four properties hold: 

(i) there exists a unique p-divisible group ^3~^{E)^/^(J^^ over W{k) whose filtered 
Dieudonne module is the triple {E , F^ (E) , pep) ; 

(ii) to {E, DiY(^i^^) corresponds naturally a formal subscheme 9^ of T) that lifts Sf' 
and that has a natural structure of a formal Lie group over Spf{W{k)) isomorphic to the 
formal Lie group over Spf{W{k)) of the Cartier dual 'B~^{E)^^j^^ of B>~^{E)^r(^|^^ (the 

formal Lie group structure induced on Sf" is the canonical one of the Basic Theorem A ); 
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(iii) the origin of is defined by -D^^j^) csnd the filtered Dieudonne modules of 
p-divisible groups over W{k) defined by Spf{W{k)) -valued points of 2^ , are of the form 

{M,u{F^),(/}), where u e 1m +pF~'^{E); 

(iv) if D'y^f^^^ is a p-divisible group over W{k) defined by a morphism Spf{W{k)) — )■ 
(so D'yy^i^^ lifts D), then the axioms I.4 (Hi) and (iv) hold for the pair {E, D'-^y^j^.^) . 

As (iv) and the notation suggest, the main role of -Diy(fc) is to fix the origin of S^. 

Always there exists a short exact sequence — )■ D2 — )■ -D — > Di — )■ that depends on 
E and such that is naturally a formal Lie subgroup of the formal Lie group Ext^{Di , D2) 
over Spf(A;) of extensions of Di by D2 (cf. Example 3.4 and Corollary 3.7). But in general, 
the smallest Newton polygon slope of D2 is not greater than the greatest Newton polygon 
slope of Di (cf. Example 1.9). 

If D = Di X D2 is a direct sum of two isoclinic p-divisible groups of distinct Newton 
polygon slopes and if E is the maximal VF(/c)-submodule of V- for which the axioms 
1.4 (i) and (ii) hold, then an equivalent form of the Basic Theorem A and Example 3.4 
were first proved in [Ch2] using complicated and lengthy computations on (triple) Cartier 
modules. Thus the main results of [Ch2] are encompassed in this paper by particular cases 
of Examples 1.7 and 3.4. There exists no particular analogue of Basic Theorem B in [Ch2]. 
Basic Theorems A and B are functorial in E in the natural way, cf. Proposition 3.6. 

The following three examples illustrate key aspects of the Basic Theorems A and B. 
Example 4.3.2 illustrates in depth the functoriality of the Basic Theorem A. 

1.7. Example. We consider a short exact sequence (Mi, 0) (M, 0) (M2, (p) ^ 
of Dieudonne modules over k such that each Newton polygon slope of (M2,0) is greater 
than all Newton polygon slopes of (Mi,(/>); to it corresponds naturally a short exact se- 
quence — )> D2 D ^ Di ^ of p-divisible groups over k. Let ri and r2 = r — ri he 
the heights of Di and D2 (respectively). The direct summand Hom(M2,Mi) of End(M) 
is also a direct summand of V-. Let E be the largest VF(/c)-submodule of Hom(M2,Mi) 
such that the pair {E,p(j)) is the Dieudonne module over A; of a p-divisible group J])~^{E). 
As E"^ — Q and due to the choice of (E^pcj)), the axioms 1.4 (i) and (ii) hold for E. 

Based on the Basic Theorem A we get that to E corresponds a smooth formal 
subscheme Sf' of Dk that has a canonical structure of a formal Lie group over Spf(A;) 
isomorphic to the formal Lie group over Spf(/c) associated to ©"^(i?)*. Moreover is a 
formal Lie subgroup of the formal Lie group Ext^{Di, D2) over Spf(/c), cf. Corollary 3.7. 

In this and the next paragraph we consider the particular case when Di and D2 
are isoclinic of Newton polygon slopes ai and a2 (respectively). We have ai < 02, W = 
{ai,a2}, and = Hom(M2,Mi). As Hom(M2,Mi) = Hom(M2, M^(/c)) ^w{k) Mi, the 
unique Newton polygon slope of I])~'^{E) is 1 — 02 + «!. Thus D~^(£')^ is isoclinic of height 
rir2, Newton polygon slope a2 — cti, and dimension rir2{a2 — cti). If D is ordinary (i.e., 
if (q!i,Q!2) = (0,1)), then D~^(i?)* is isomorphic to {lip°°Yk and therefore the previous 
paragraph recovers the classical result of Serre-Tate. If D is isomorphic to Di D2, then 
the previous paragraph recovers the main results of [Ch2]. 

To exemplify the Basic Theorem B, in this paragraph we will also assume that 
D = Di Xk D2 (thus M = Ml ® M2) and that there exist 14^(A;)-bases {ei, . . . , e^} and 
{/i,... ,/r2} for Ml and M2 (respectively) and permutations tti G Sr^^ and 7r2 G 
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such that we have (/)(ej) — p"'e^^(i) and (f){fj) = P^^ fn2{j)i where i e {1,... j e 

{1, . . . , r2}, and a^, 6j G {0, 1}. Let (resp. F^) be the direct summand of M generated 
by all those and fj with = 1 and bj = 1 (resp. with = and 6j = 0). Let 
{ci (g) /*|z G {1, . . . , ri} , j G {1, . . . , r2}} be the natural W{k)-hasis for Hom(M2, Mi) = 
Ml <^w{k) Hom(M2, VF(/c)). It is easy to see that E is W(fc)-generated by p'^'^^ei <S) f* 
for suitable Cij G N U {0}. We have — 6j =0 (resp. Oj — 6j = 1) if and only if 
p^'^Ci ® /; G 'f^{E) (resp. p^'^Ci ® /* G ^^(E)). Let A C {!,... ,ri} x {1, . . . ,r2} 
be such that the following property holds: If G A, then we have ai — bj G {0,1} 

and (7ri(i), 7r2(i)) G A. This implies that for each G A we have Cij — and thus 

{ci 0/* I (i, j) G A} is a W{k)-hasis for a direct summand Eq of either E or V- for which the 
axioms 1.4 (i) and (ii) hold. Moreover, if -Dv7(A;) is the p-divisible group over W{k) which 
lifts D and whose filtered Dieudonne module is (M, F^, (p), then the axioms 1.4 (iii) and (iv) 
hold for the pair {Eq, Dy\/(^k))- From Basic Theorem B we get that to the pair [Eq, iI>vK(fc)) 
corresponds a smooth formal subscheme of 2) that has a canonical structure of a formal 
Lie group over Spf{W{k)) isomorphic to the one associated to D~-^(i?)^^^^ of property 1.6 

(i) and that has an origin which corresponds to Dvk(A;)- Note that Sf" = n 2)/, is a 
formal Lie subgroup of Sf', cf. Proposition 3.6 (a). 

Numerical example: If ri = r2 = 3, ai = a2 = §, tti = 7r2 = (12 3), ai — bi = 
62 = 1, and 0,2 = 0.3 = 63 = 0, then we can take A = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (3, 1)}; 
the ranks of E, Eq, and F^{Eo) are 9, 6, and 4 (respectively). 

1.8. Example. Let M = © F'', fx : Gm — ?■ GLm, and -Dv7(A;) be as in Subsubsection 
1.3.1 and Subsection 1.4. Suppose that there exist a reductive, closed subgroup scheme G 
of GLm, a maximal torus T of G, and two opposite Borel subgroup schemes and B_ 
of G that contain T, such that the following five properties hold: 

(i) the four Lie algebras Lie(G')[^], Lie(5+)[i], Lie(S_)[i], and Lie(T)[i] are stable 
under 0; 

(ii) the cocharacter /j, : Gm — > GLm factors through T; 

(iii) all Newton polygon slopes of (Lie(5+)[^], 0) (resp. of (Lie(5_)[^], 0)) are non- 
negative (resp. are non-positive); 

(iv) the Borel subgroup scheme (resp. i?_) normalizes F^ (resp. F^); 

(v) if E :=V-n Lie(G), then we have E'^ = 0. 

The cr-linear automorphism cr^ of M (and thus also of End(M)) normalizes Lie(G'), 
Lie(i?"'"), Lie(i?_), and Lie(T) (cf. (i) and (ii)). Based on this and (iii) and (iv), we 
have F-^{E) = Lie(S-) n Hom(F\F°) and E = F^{E) ® F-^{E) is a direct summand 
of Lie(i?_). More precisely, F^{E) is the maximal direct summand of Lie(i?_) that has 
the following three properties: (a) it is normalized by all conjugates of hl under integral 
powers of cr^, (b) it has no element fixed by all these conjugates of fj.^, and (c) it is fixed 
by hl- As E = F^{E) ® F~^{E), the axiom 1.4 (iii) holds for (F,i:'vK(fc)) and = (j)ij{p) 
normalizes F[i] nLie(S_) = E. We have (l){F^{E)) ® p(p{F-^{E)) = a^{E) = E i.e., the 
axiom 1.4 (iv) holds for (E, D^r(^^^^). From this and the fact that i? is a direct summand 
of End(M) and therefore also of V_, we get that the axiom 1.4 (i) holds. Axiom 1.4 (ii) is 
implied by (v). Thus the axioms 1.4 (i) to (iv) hold for E and (£',DvK(fc))- 
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If the derived group scheme G^^^ of G is Sp^^ (resp. Spiii|^_|_j^) for some s e N and 
if the representation of G'^'^'^ on M is a direct sum of irreducible representations of rank 
2n (resp. 2"^), then the property (v) is implied by the properties (i) to (iv). The triple 
(M, (f), G) is called an ordinary F -crystal (p-divisible object) with a reductive group over k 
and is called the canonical lift of (M, 0, G), cf. [Va2, Def. 4.3.3]. Based on the Basic 
Theorem B, to (E'jDvkca:)) corresponds a formal subscheme of D that has a natural 
structure of a formal Lie group over Spf{W{k)) isomorphic to the formal Lie group over 
Spf{W{k)) associated to B-^{E)\^^^y As the lift F^ of {M,(p,G) is canonical (cf. [Va2, 
Prop. 4.3.2 (b)]), for p > 2 (resp. for p = 2) there exists a canonical choice (resp. a finite 
number of quasi-canonical choices) for B)~^{E)w(^j^) and this (resp. and often a suitable 
such) choice makes the formal Lie group structure on to be canonical. 

1.9. Example. Suppose W has four elements cti < a2 < cts < ct^. Let E be the maximal 
VF(/c)-submodule of V- such that (E^pcp) is a Dieudonne module and E is contained in 
the direct summand Hom(l^(Q;4), ^^(as)) © }loui{W{a4),W{ai)) © Hom(Vl^(Q;2), W{ai)) 
of End(M[i]) = ®fj^-^}iom{W{ai),W{aj)). As E^ = 0, the axioms L4 (i) and (ii) hold 
for E. There exists a short exact sequence D2 — )■ -D — > -Di — ?■ such that is a 
formal Lie subgroup of Ext^{Di, -D2), cf. Corollary 3.7. The choice of E forces the Newton 
polygon slopes of Di (resp. D2) to be cti and as (resp. 02 and 04). 

This example can be adapted to the limit case when 02 = as (i.e., when W ~ 
{q!i, 0:2, q;4} and we have a direct sum decomposition (VF(q;2),0) = (^^(^2), 0)©(W^(a3), </>) 
into non-zero F-crystals). In this case, a2 is a Newton polygon slope of both Di and D2. 

1.10. Refined structures. Let Qk be the largest smooth formal subscheme of 2)^ such 
that the restriction of 2)^ to it is geometrically constant (see Section 5). Referring to the 
Basic Theorem A, there exist many operations between different 's or between Ck and 
some Sf 's. To be short, here we will mention briefly only two such operations (to be 
compared with [Va4, Chs. 5 and 9], where these operations show up first). If Ei, E2, and 
i?3 are VF(A;)-submodules of V- for which the axioms 1.4 (i) and (ii) hold and moreover 
we have [Ei, E2] C £'3, then one can check that there exists a natural commutator bilinear 
formal morphism 9f'^ Xspf(fc) S^^ — ^ 9^^- If [-^i, VL] = 0, then one can check that we have 
a formal group action Sf' Xspf(fe) C/s — >■ C/.. 

Based on these operations, one can canonically associate to D a nilpotent formal Lie 
group 'Nk over Spf(/c). We state here what we call the Main Problem of the formal Lie 
group theory for formal deformation spaces of p-divisible groups over k. 

Main Problem. Let be as above. 

(a) Show that for each p-divisible group D (resp. each D that is a direct sum of 
isoclinic p-divisible groups) over k, Qk has a canonical structure of a nilpotent formal Lie 
group over Spf(/c) which is isomorphic to J^k ^ind for which the following properties hold: 

(a.i) each as in the Basic Theorem A is a formal Lie subgroup of it; 

(a.ii) it produces naturally the above operations (i.e., the mentioned commutator bilinear 
formal morphisms, formal group actions, etc.); 
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(a.iii) it has a composite series whose factors are formal Lie groups associated to p-di visible 
groups over k isogenous to (resp. isomorphic to) the Z+^_({(q:, ^)})'s of Definition 4.1.4. 

(b) Classify all local Traverse strata Gk{G,'BG)red of Definition 5.2.1 that are formal 
Lie subgroups of (see Example 5.2.4). 

(c) Classify all formal subschemes of (resp. of D) that have a canonical (resp. 
natural) structure of a nilpotent formal Lie group over Spf(/c) (resp. over Spf{W (k))) . 

The Basic Theorem A and Proposition 3.6 (resp. [Ch2]) essentially solve the Main 
Problem for the case when the set W has two elements (resp. for the case when D is a 
direct sum of two isoclinic p-divisible groups of distinct Newton polygon slopes). Certainly, 
even the non-canonical forms of (a) are much stronger forms than the previously suggested 
approaches to the study of Cfc based on the fact that Cfc x©^ 2)^ has an increasing Newton 
polygon filtration. [It allows a filtering of in such a way that the fibres of the resulting 
quotient formal morphisms are torsors under suitable formal Lie groups, etc.]. 

1.11. On contents. In Section 2 we present complements on Faltings deformation 
theory (see [Fa, Sect. 7]) that are needed in the paper. The proofs of the Basic Theorems 
A and B are carried on in Section 3. They rely on Section 2 and on the methods used in 
[Va4, Ch. 9]; they are short, elementary, and foundational. In Section 4 we extend the 
concepts of sign p-divisible groups and of duality properties first mentioned in [Va4, Ch. 
5]. Subsection 5.1 contains a direct description of the smooth formal subscheme Cfc of 2)fc. 
Subsections 5.2 and 5.3 define abstractly the most general type of local Traverso strata. 
Example 5.4 pertains to the principally quasi-polarized context. The above notations p, 
k, W{k), B{k),a = ak, c,d,r = c + d,D, {M,(l>), R = W{k)[[xi, . . . ,Xcd]], = Spi{R), 
Dfc = Spi{R/pR), S), M[J] = e«ewW^(«), End(M[i]) = L+ Lq L_, V+, F_, M, 

F\ (/), T, z/ : End(M) ^ T, M = © F", : ^ GLm, p^l : Gm ^ GLEnd(M), and 
(T(^ are used throughout the paper. If the pair (E^pcp) is a Dieudonne module over k, let 
D~^(F) be a p-divisible group over k whose Dieudonne module is isomorphic to {E,p(f)). 

2. Complements on Faltings deformation theory 

Let n G N U {0}. Let S :— W{k)[[xi, . . . , Xn]]- Let / be the maximal ideal of S. Let 
J := {xi, . . . , Xn); it is an ideal of S. Let $5 be the Frobenius lift of S that is compatible 
with a and that takes Xi into xf for alH G {1, . . . , n}. We identify :— (B^^iSdxi with 
the p-adic completion of the 5'-modulc of differentials O5. Let d^s '■ ^5 ^ ^5 be the 
differential map of $5. An F -crystal over S/pS is a triple of the form (Q, <I>q, A), where 
Q is a free S"- module of finite rank, where $q : Q ^ Q is a. $5-linear monomorphism, 
and where A : Q — > Q 05 '^^ integrable and topologically nilpotent connection on Q, 
such that the following two properties hold: 

- the /S-module which is the quotient of Q by the /S-span of Im($Q), is annihilated 
by some non-negative integral power of p; 

- we have an identity A o $q = ($q ® d^s) ° ^■ 

If Fq is a direct summand of Q such that $q induces an S-linear isomorphism {-Fq + 
Q) ®s ~^ Qi ^^^^ '^^ ^^^^ quadruple (Q, Fq, $q. A) a filtered F-crystal over S/pS. 
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Faltings deformation theory for such filtered F-crystals (Q,Fq,$q,A) over S/pS, 
can be summarized by the following two statements: 

• The connection A is uniquely determined by the identity Ao$q = ($q (gxi^g) o A 
and it is automatically integral and topologically nilpotent. 

• If r is a p-divisible group over Spf(VF(A;)) whose filtered Dieudonne module is 
(Q, Fq, $q) modulo J (it exists even if p = 2 as A; is algebraically closed), then the filtered 
F-crystal (Q, Fq,$q, A) over S/pS is associated (via the crystalline Dieudonne functor 
D) to a p-divisible group over Spf(S') that lifts F. 

For a general $q, it is hard to either (i) compute explicitly the connection A or (ii) 
decide if the restriction of 6 to some smooth formal subscheme of Spf(S'/pS') is or is not 
geometrically constant. 

Below we will introduce a setting (see Subsection 2.1) that involves an explicit Q 
and a particular type of $q for which we can compute the connection A (see Proposition 
2.6) and for which we can later on find a large smooth formal subscheme of Spf(5'/p5') 
over which restricts to a geometrically constant p-divisible group (see Lemma 3.1). The 
computation of A plays a role in the identification inside End(Q) of free ^'-modules that 
are left invariant by A and that give birth naturally to (filtered) F-crystals over S/pS. 

2.1. A setting. Let !B := (fi, . . . , f^) be an n-tuple of elements of End(M) for which 
the following property holds: 

// N := W{k)vi C End{M) and no := dimfc(i/(7V)) e N U {0}, then the set 

{iy{vi)\i G {1, . . . , no}} is a k-basis for i^{N) . 

Let Sq :— W{k)[[xi, . . . We identify Spec(S'o) with the closed subscheme of 

Spec(5') defined by the ideal (0:^0+1, . . . ,x„) of S. Let A^o '■— ^^li W{k)vi. As the map 
No/pNo — > 1 induced by i/ is injective, A^o has rank uq and it is a direct summand of 
End(M) and therefore also of N. 

Let U be the smooth, affine scheme over Spec{W{k)) defined by the following rule 
on valued points: if A is a commutative VF(A;)-algebra, then 

U{A) := {x e lM0w{k)A + ^ '^w{k) ^|det(a;) is an invertible element of A} 

is the subset of lM0w(^k)A + ^ ^w{k) ^ formed by those elements whose images in 
End(M) ®vK(fc) ^ belong to GLm{A). We have a natural morphism hu ■ U ^ GLm 
whose fibre over Spec(5(fc)) is a closed embedding. Thus if A is an integral domain of 
characteristic 0, then we have an injective map hu{A) : U{A) ^ GLm (A); to ease nota- 
tions, we always write U{A) C GLm(^) and wc do not use hu besides this and the next 
paragraph. Let Uq be the smooth, closed subscheme of U defined by the following rule 
Uo{A) := {Im^^^.^a + No 0w{k) A) nU{A). 

If A?" is a direct summand of End(M), then hu is a closed embedding. If N is an 
algebra (i.e., we have N"^ C N), then the inverse of x e U{A) belongs to A[x] (cf. Cayley- 
Hamilton theorem) and thus also to U{A); this implies that: 

(i) U is a group scheme over Spec{W{k)) whose Lie algebra is Lie(A'"), and 

(ii) hu is a homomorphism of group schemes over Spec{W{k)). 
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If C/ is a group scheme, then any VF(A;)-submodule of End(M) which is normahzed 
by U under inner conjugation, will be called a left U -module. The element 

n 

^Vi<»Xi eU{S) C GLMiS) 

i=l 

is universal in the sense that the natural morphism ttuniv '■ Spec(S') — >■ t/ is formally smooth 
(formally etale, if N has rank n). We consider the $5-linear monomorphism 

^jv := Wuniv(0 ® $s) : M ®w{k) M ®w{k) S. 

If * is a free VF(A;)-module of finite rank, let 5q be the flat connection on * ®w{k) 
S that annihilates * (g) 1. Let -DvK(fe) be an arbitrary p-divisible group over W{k) that 
lifts D. Let be the direct summand of M which is the Hodge filtration of Z)^y(fc-). 
The reduction of $iv modulo J is (/) and $Ar induces naturally an iS-linear isomorphism 
(iF^ + M) ®w{k) S ®s ®w{k) S. From this and [Fa, Sect. 7, Thm. 10] we get: 

2.2. Theorem, (a) There exists a unique connection 

V : M ®wik) M ®w{k) S®s^s = M ®wik) 

such that the ^s-Hnear endomorphism : M ®w{k) S ^ M ®vK(fe) S is horizontal with 
respect to V i.e., we have an identity 

V o = i^N ® d^s) o V : (^F^ + M) ®w{k) S ^ M ®w(k) ^s- 

Moreover the connection V is integrable and topologically nilpotent. 

(b) There exists a p-divisible group S^^ over SpJ{S) which modulo J is the p-divisible 
group over Spf{W{k)) defined by -Dvk(A;) whose filtered F-crystal over S/pS is the 
quadruple (M <®w{k) S, <Siw{k) S, $jv, V). 

Let Sj be the p-divisible group over Spec(S') defined by S)^. As {xi,... ,Xn} is a 
7?-basis (in the sense of [BM, Def. 1.1-1]) for the regular ring S/pS, from [BM, Thm. 4.1.1] 
we get that S)s/pS is (up to isomorphism) the unique p-divisible group over Spec(5'/p5') 
whose F-crystal over S/pS is (M ®w{k) S,^n,^)- For all m e N, the ideal pJ of S has 
a nilpotent divided power structure modulo pJ"^. From the last two sentences and the 
Grothendieck-Messing deformation theory (see [Me, Chs. 4 and 5]), we get that Sj^ and 
are uniquely determined (up to unique isomorphisms) by (b). Let 

q : Spec(S') Spec(i?) 

be the unique morphism such that we have an identification = q*{'D) that lifts the 
identity automorphism of D. Let qk : Spec{S/pS) — > Spec(i?/pi?), qo : Spec(/S'o) — > 



11 



Spec(i?), and qok : Spec{So/pSo) — > Spec{R/pR) be the natural restriction morphisms 
defined by q. We consider the S'-hnear map 



that is the Kodaira-Spencer map of V. Let 

^ ■■ ®7=ik^ Rom{F\M/F^) ®vK(fe) k = Rom{F\M/F^) = 7 

be the reduction of ^ modulo /. Example: if !B = (0, . . . ,0), then V = 5o and thus ^ = 0. 

2.2.1. Definition. By the deformation package of !B = {vi, . . . ,Vn) G End(M)^"^, we 
mean the following 14-tuple (whose entries were introduced above): 

P(!B) := {n,N,no,No,U,Uo,UnnW,^N,'^,S)s/pS,(lk,qok,^,^)- 

2.3. Lemma. We have Im{^) = i^{N) — i^{Nq); thus dim(/m(jl)) = no- The mor- 
phism qo '■ Spec{So) > Spec{R) is a closed embedding and the tangent space of the closed 
subscheme Spec{So/pSo) of Spec{R/pR) is equal to ^{Nq). 

Proof: Let 5i be the flat connection on M <Siw{k) S that annihilates the free W{k)-m.odule 
Unnw{M (g) 1); wc have Si = Sq - u~^-^duunW- As d{^s{xi)) = d{x^) = px^~^ e /, 
the reduction modulo / of ($Ar ® d^s) o V is trivial. Due to this and the equation 
Vo$jv = ($7V o V, the reductions modulo / of 5i and V coincide. As u~^^^ modulo 

/ is Ijy- and as du^niv = Yli=i ni®dxi, we get that Im(.^) = Yl7=i ^^("'i) — ^{^) — ^{^o)- 
Thus dim/s(Im(.^)) = uq. The restriction of R to ©"^ifcg|- is injective and its image is 
u{No). Thus the tangent map of go (at fc- valued points) is an injective map whose image is 
^{Nq). This implies that gofe is a closed embedding. Thus go itself is a closed embedding. □ 

2.4. Fact. Let K be an algebraically closed field that contains k. Let h : Spec{K) — > 
Spec{S) be a morphism. Then the Dieudonne module ofh*{S)) is isomorphic to (M(8)^(/j) 
W{K),Uh{4> o'k)) for some element Uh G U{W{K)). 

Proof: Let Th : Spcc(W(i^)) ^ Spec(5') be the Teichmiiller lift ofh (see [Kal, Subsect. 2.4, 
p. 145]). Let Uh e U{W{K)) ^ GLMiW{K)) be the composite of T,, G Spec{S){W{K)) 
with the point Uuniv G U{S). As Th is a Teichmiiller lift of h, the Dieudonne module of 
h*{S^) is naturally identified with (M ®w{k) W{K), Uh{4> ® <^k))- □ 

2.5. Fact. Suppose that there exists a W{k)-submodule E of M with E"^ — and N ^ E 

and that there exists an element t G End{M[^]) such that [-E, t] = E. Let E := E ®W{k)t; 

it is a Lie algebra over W{k) contained in End{M[^]). Then E is a left U -module. If N 
is a direct summand of E, then the homomorphism U — >■ GL^ is a closed embedding. 

Proof: Let x E N. As E'^ — and [x, t] G E, we have xtx — xxt — x[x, t] — 0. Thus 

(1) (1m + x)t{lM + = (1m + x)t{lM -x) = t+[x,t]-xtx = t+ [x, t]e E <S>w{k) A. 



12 



As N C E and = 0, we have AT^ = and therefore t/ is a group scheme over Spec{W{k)) 
that fixes E under inner conjugation. From the last two sentences we get that E is a left 
t/-modulc. Let U be the smooth, commutative, closed subgroup scheme of GL^ defined 
by the following rule on valued points: if A is a commutative VF(/c)-algebra, then we have 
U{A) := Ie^^^^^a + 'RoTLn(E/E,E) ®vK(fc) A ^ GL^{A). As both E and E/E are trivial 

left ?7-modules, the homomorphism U — )■ GL^ factors through U. The differential map of 
the resulting homomorphism lu U ^ U is a restriction of the adjoint representation of 
Lie(GLj^^[i]); thus dlu '■ Lie(t/) — >■ Lie(C/) is defined by the rule: 

(2) if X e Lie{U) = N, then e E we have dlu{x){y) = [x, y] G E. 

We assume that is a direct summand of E. Based on Formula (2) and the identity 
[E^ t] — E, it is easy to see that dlu is an injective W {k)-linear map whose image is a 
direct summand of Lie{U) = B.om{E/E, E). 

But lu is uniquely determined by its generic fibre and thus (cf. [Bo, Ch. II, Sub- 
sect. 7.1]) by dlu[^]- As U and U are vector group scheme over Spec(VF(A;)) (cf. their 

definitions), we get that for each A as above, the homomorphism lui-^) '• U{A) U{A) 
maps lM8)M^(fe)^ + y with y e N (^w{k) A = Ue{U) 0w{k) A to Ie^^^.^a + dlu{y) e 
'^E^w(k)A Lic(?7) 0w(k) A = U{A) (to be compared with Formulas (1) and (2)). From 
this and the previous paragraph we get that lu is a closed embedding. □ 

2.6. Proposition. Let the connection V on M^p^^/j) S be as in the Theorem 1.2 (a). Let 
E be a W {k)-submodule of V- such that p(f){E) C E and E^ = 0. Suppose that N C E. 

(a) Then there exists u & E <S>w{k) ^^ch that we have V = Sq + ui- 

(b) Let t e End{M[^]) be such that [E, t] = E. Let E := E®W{k)t. The connection 
V on M iSiw{k) S induces a connection on End{M[^]) 0B{k) that restricts to a connec- 
tion W = Sq + u on E <S>w{k) where u e Hom{E/E, E) ®w{k) — End{E) ®w{k) ^s- 
Proof: Let {ci, . . . ,Cf.} be a VF(A;)-basis for + M. Let m be the rank of E and let 
{ei, . . . , Cm) be a W {k)-hasis for E. We write p(f){ei) = Yl^=i ^^ji^j — ^ji^ji 
where (aj7)i<jj<m e Mmxni{W{k)) and {bji)i<j<m,i<i<n e Mmxn{W{k)). 

Each element of E ®w{k) written as 

n m 

u = ei ® wi^idxi, where wi^i G S. 

i=l 1=1 

Based on the uniqueness part of Theorem 2.2 (a), to prove (a) it suffices to show that there 
exists functions wi^i G S such that for all s G {1, . . . , r} we have an identity 

(3) i5o+Uj){^N{Cs®l)) = {^N®d^sWo+Uj){Cs®l)). 

As E'^ — 0, we have eiVi — and Vi4){ei) — 0. Based on this, the left hand side of (3) is 

n n n m 

{do + uj)[(j){cs) ® 1 + ^fi(0(cs)) (g) Xi] = ^i;i(0(cs)) (g) dxi + ^^6^(0(0^)) (g) Wj^idxi 

i=l i=l i=l j=l 
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3=1 i=l 

and the right hand side of (3) is 

n m n m 

($iv ® rf$s)(X]X]e/(cs) ®wi^idxi) = y^y^Muniv(0(e;(ca))) (g) j?$g(w;,i)a:pVa:i 

i=l /=1 i=l 1=1 



n m m 



Y^PH^^diHcs)) (S)^s{wi,i)x^ ^dx, = YY^ajiejicpics)) (^^s{wl,^)x^ ^dx, 

i=l 1=1 i=l 1=1 j=l 



n m 



3=1 i=l 1=1 

Thus (3) holds if and only if for alH e {1, . . . , n}, we have 

m 

(4) hji + Wj^i = ^ aji^s{wi,i)x^~^ Mj e {1, . . . , m}. 

1=1 

Defining hi := {bu, ... , bmi), Wi := . . . , Wm,i), and Oi{wi) := {Oi,i{wi), ... , Om,i{^i)) 

with Oj^i{wi) := YjiLi (^3l^siwi,i)x^~^ , for i e {1, . . . ,n} the system (4) becomes 

(5) bi + Wi = Di{wi). 

As the operator Oi : S"^ — > /S"^ is topologically nilpotent in the /-adic topology, the system 
(5) has the unique solution 



oo 

Wi 



w=0 



Thus there exists a unique mn-tuple . . . ,Wm,n) ^ S'^^ such that the equations (3) 

hold for all s e {1, . . . , r}. This ends the proof of (a). 

We check (b). For x E End(M), the connection V on End(M[i]) <S>B{k) maps 
x<S>l to oj{x ® 1) = ^^=1 ^]^i[^h^] ®wi^idxi. As [E,E\ = and [E,E] C E,V induces 
a connection V on E' <^w{k) S that restricts to the flat connection Sq on E <^w{k) S and 
that induces the flat connection Sq on E / E ^w(k) S. Therefore we can write = 5o + u, 
where a) e Hom(^/£', E) ®w{k) S C End(£') ^w{k) S. Thus (b) holds. □ 

2.7. Corollary. Let E be a W{k)-sub'module of such that the axioms I.4 (i) and (ii) 
hold. Let "Be be the set of n-tuples T> of elements of E which are ordered W{k)-bases for 
direct summands N of E that have the following two properties: (i) i'{N) = i'{E), and (ii) 
the k-linear map N/pN — )■ 7 induced by v is injective. Suppose that 'B E'Be; thus N <Z E. 
Then the closed embedding qk '■ Spec{S/pS) ^ Spec{R/pR) introduced after the Theorem 
2.2 and associated to the deformation package P(!B), does not depend on "B & Be- 
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Proof: Due to the property (ii), we have identities no = n, Nq = N, Uq = U, and qo = q. 
Let S := S/pS. Let J := J/pJ', it is the maximal ideal of S. Let Si G He- Let 
P(Si) = (n, iVi,n,A^i,t/i,?7i,tiiuniv, *7Vi, Vi,i5is/pS,9ifc,?ifc,-^i,^i) be the deformation 
package of Si. We write V — Sq + ui and Vi = 5o + <^i, where oj,oji E E ®vK(fe) (cf- 
Proposition 2.6 (a)). As u,ui E E ^w{k) f^s, due to Lemma 2.3 and the property (i) the 
reductions modulo p of the two Kodaira-Spencer maps ^ and .^i have equal images. The 
Corollary is a direct consequence of this fact; for the sake of completeness, we present the 
details. 

We will check by induction on m G N that there exists a unique automorphism 
jm '■ Spec(5'/J"^) ^Spec(S'/J"^) of fc-schemes such that there exists an isomorphism 
dm '■ Jm(^ Xs S/ J^) ^ Sji Xs S / which lifts the identity automorphism oi D. As 
Dk = Spf{R/pR) is the formal deformation space of D, this is equivalent to the fact that 
the closed subschemes qik,m '■ Spec(S'/J™') )> Spec{R/pR) and qk,m '■ Spec(S'/J"^) )■ 
Spec{R/pR) defined by qik and qk (respectively) are equal and we have qik,m — Qk,m °jm', 
obviously this implies that if jm exists, then it is unique. The basis of the induction holds 
for m = 1. The passage from m to m + 1 goes as follows. 

Let jm+i '■ Spec(5'/ J"^"*"^) — )■ Spec(S'/ J"^"*"^) be an arbitrary automorphism of k- 
schemcs that lifts jm- We endow the ideal of S / J^^^ with the trivial divided 

power structure (see [Me, Ch. 5, Subsubsect. 2.3.5]; thus_( J"'/ 7"^+^)^ = for aU / G 
N \ {1}). The evaluations at the trivial thickening Spec(6y J^+i) ^ ^pec{S / J^+_^) of the 
filtered F-crystals of the two p-divisible groups jm+i i^^sS/ J"^~^^) and S^iXsS/ J"^+^ over 
S/J'^+^, can be identified with {M 0k ^/J"'+\ ®k ^/J"^+\ $7v(m + 1), V(m_+ 1)) and 
respectively (M 0k S/J'^+^, Fi,^+i, $Ar(m + 1), V(m + 1)), where ($iv(m + 1), V(m + 1)) 
is the reduction modulo (p, J'^'^^) of ($Ar, V) and where i^i ^+1 is a direct summand of 
M (8)fe S/J'^+'^ that lifts 0k S/J"^. As we have uj,uji e E 0w{k) there exists 
an element Cm+i G E/pE®k J'^jJ'^'^^ such that we have -Fi^^+i = (Im^j.^/J'^+i + 
em+i)(F^ ®k S/J'^^'^). The direct summand Fl,^j^^ of M ®k §/J'^^'^ depends only on 
the image Cm+i of Cm+i in T®^ J™'/J'^+^. As w, oji G i?(8>v7(A;) due to Lemma 2.3 and 
the property (i) the reductions modulo {p, J'^+^) of ^ and .^1 have the same image i'[E)®k 
§ I jm+i ^fJ\^c\^ contains e^+i. Therefore we can replace jVn+i by another automorphism 
jm+i '■ Spec(<5/J'""'"-^) ^ Spec(<5/J'"+-^) that lifts jm, so that under this replacement the 
element Cm+i gets replaced by (i.e., becomes) the zero element. Thus we can assume that 
Cm+i = 0; this implies that -Fi ^_,_i = (E)k S/J'^'^^. From the Grothendieck-Messing 
deformation theory applied to the trivial thickening Spec(S'/J'^) )■ Spec(S'/ J'""'"^), we 
get that there exists a unique isomorphism 9m+i '■ im+i(^ S / J^^^) —)-S^iXs S / J^'^^ 
that lifts 9m- Thus jm+i exists and (as argued above) it is also unique. This ends the 
induction. 

As S is complete in the J-adic topology, there exists a unique automorphism j^o : 
Spec(S') ^ Spec(S') that lifts each jm with m G N. The identities qik,m = qk,m o jm with 
m G N imply that qik — qk ° joo- Therefore we conclude that the closed embedding 
qk : Spec(S'/pS') ^ Spec{R/pR) does not depend on the choice of an element !B G S^. □ 

3. The proofs of the Basic Theorems A and B 

In this Section we prove the two Basic Theorems A and B (see Subsections 3.3 and 
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3.5). Lemmas 3.1 and 3.2 are ingredients in the proofs. In particular, Lemma 3.2 pertains 
to the axioms 1.4 (i) and (ii). Proposition 3.6 checks that the two Basic Theorems A and 
B are functorial in a natural way. Example 3.4 and Corollary 3.7 show that each Sf' as in 
the Basic Theorems A, is a formal Lie subgroup of a suitable Ext^ formal group associated 
to D and E. 

Let n and the sextuple {S, /, J, $5, Qg, d^s) be as in the beginning of Section 2. 

3.1. Lemma. Let E be a W{k)-submodule ofV- such that the pair {E,p(f)) is a Dieudonne 
module over k. 

(a) Then the Newton polygon slopes of the p-divisible group I])~^{E) over k belong 
to the interval [0, 1) (i.e., the p-divisible group D~^(E')* is connected). 

(b) Let "B = (vi, . . . ,Vn) G E'^ be such that {u{vi), . . . , ^{vn)} generates a k-vector 
subspaceofv{E) of dimension n. LetF{'B) = {n, N,n, N,U,U,UunW,^N,^ ,S^s/pSjQk,Qk,'^,^) 
be the deformation package of B (we note that N C. E). Then S)s/pS is a geometrically 
constant p-divisible group over S/pS. 

Proof: As all Newton polygon slopes of {V-^cj)) belong to the interval [—1,0), all Newton 
polygon slopes of (E^pcj)) (i.e., of D~^(E')) belong to the interval [0, 1). Thus (a) holds. 

To check (b), let K, h : Spec(i^) — )■ Spec(S'), and Uh G U(W{K)) be as in the Fact 
2.4. Let n/i G -/V(E>vK(fe) W{K) be such that = lM®ty(fc)VK(K) To prove the Lemma, 

we have to check that the pull back of S)s/pS via the morphism Spec(K) — > Spec{S/pS) 
defined by h is isomorphic to Dk i.e., the Dieudonne modules {M<S)w{k)WiK), Uh{4>®crK)) 
and (M ®w(k) W{K),(^ ® ax) are isomorphic. The Verschiebung map of (E^pcf)) is 
the restriction to E of the a~^-linear automorphism (/)~^ of End(M[i]). Thus for all 

i e N we have (f)~'^{E) C E; in particular nh,i ■= {4> ® c^k)"'!?^^) G E ^w{k) W{K). 
As E C y_, all Newton polygon slopes of {E,(f)~^) are positive. Thus the sequence 
{nh,i)ieN of elements of E <Siw{k) W{K) converges to in the p-adic topology. Let Uh,i '■= 
lM®iv(fe)VK(K) +nh,i. As E C V-, each nh,i G E ^w{k) W{K) is a nilpotent clement of 
End(M) 

^Wik) W{K). Thus we have Uh,i G GL m{W{K)). The sequence {uh,i)ieN of ele- 
ments of GLm{W{K)) converges to lM(8)vK(fe)W'(^) thep-adic topology. Thus the clement 
Uh,iUh,i-i ■ ■ - Uh,! G GLm{W{K)) is well defined. For g G GLm{W{K)), 
let (0 (g) (yK){g) := 4> ® (^K ° g ° {4> ® (^k)~^ G GLm{B{K)). Let Uh,o ■= Uh- For z G N we 
have {(j)®(TK){uh,i) = Uh,i-i G GLm{W{K)). Thus 

Uh,ooUh{(l) ® crK){uh,oo)~^ = lim Uh,i ■ ■ ■ Uh,iUh,o{(l) (8) crK){uh,i)~^ • • • (0 ® crK){uh,i)~^ 

I— >-oo 

= lim Uh,i ■ • • Wh,o%,o • • -""m-i = = lM®v^(fe)W(K)- 

This implies that Uh,oo G G'Lm{W{K)) is an isomorphism between the Dieudonne modules 
(M ^w{k) W{K), Uh{(j) ® gk)) and (M ®w{k) W{K), ® gk) over K. □ 

3.2. Lemma. Let W be a B{k)-vector subspace of L_ which is stable under (p. Let 
E — {xeV-D W\(f>-i{x) eV-DWyqe N}. Let Eq be a W{k)-submodule ofV-f\W 
such that the pair {Eo,p(f)) is a Dieudonne module. We have: 
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(a) Then E is the largest W {k)-submodule o/ V_ fl such that the pair {E,p(f)) is 
a Dieudonne module over k and therefore we have Eq C. E. 

(b) Let ce G N U {0} be the codimension of {E,p(f)) (i.e., of I])~^{E)). Then 
dinifc (//(£■)) = Ce. Moreover, we have Eq = E if and only z/dimfc(z^(£^o)) = ce- 

(c) IfW^ =0 (i.e., ifE^ = 0), then there exist: 

(c.i) an element t E Lq which is fixed by (j), which is a projector (i.e., t^ = t), and for 

which we have [E, t] = E; 

(c.ii) a short exact sequence — )> (Mi,0) — )■ (M, (/>) — )■ {M2,(f)) — >■ such that E is 
contained in the direct summand Hom{M/Mi,Mi) of End{M). 

Proof: The Verschiebung map for p(p is (p~^. As p(p{E) C ]/_ n and for all G N 
we have (f)~'^{p(l){E)) — p(p~'i~^^{E) C V- HW, we also have p<p{E) C E. Obviously 
(l)~^{E) C E. Therefore the pair [E^pcf)) is a Dieudonne module over k. As we have 
(t>~HEo) C Eq CV^ nW for all q eNU {0}, we have Eq C E. From this (a) follows. 

We prove (b). Let x G E \ pE and y & E \ pE be such that p(f){x) E E \ pE and 
p<p{y) G pE. We check that z/(x) G T is a non-zero element and that u{y) = 0. We 
show that the assumption that u{x) = leads to a contradiction. As z^(a;) = we have 
(pix) G End(M) nW ^ V-nW, cf. property 1.3.1 (*). For aU g G N U {0} we have 
(f)-i{(f){x)) = (/)-«+i(a;) C V^nW. Thus 4){x) G E. Therefore p4){x) G pE and this 
contradicts the assumption that p(j){x) E E \ pE. Thus u{x) ^ 0. As p(t>{y) G pE, we 
have (j){y) e E CV-r]W._ But if u{y) ^ 0, then (j){y) ^ End(M) (cf. property 1.3.1 (*)). 
Therefore = 0. Let E := E/pE and let be the kernel of the reduction modulo p 
of p(f) : E ^ E. The properties of iy{x) and iy{y) imply that the map E ^ 1 induced by 
v has F^ as its kernel. Thus the image of in T can be naturally identified with E/F^ 
and therefore it is a A;- vector space of dimension ce- 

To end the proof of (b) it suffices to show that the equality dimfc(z^(i?o)) = ce 
implies that E — Eq. Let e : 3~^{E) D~^(£'o) be the homomorphism of p-divisible 
groups over k defined naturally by the monomorphism {Eo,p(f)) {E,p(f)) of Dieudonne 
modules over k. Let L : D-^Eq)* ©-^(E)* be the Cartier dual of e. Let Eq := Eq/pEq. 
As dimfc(z/(£'o)) = c_e, we have ^{Eq) = y{E). Thus the natural A;-lincar map Eq E/F^ 
is onto. Therefore, if F)^^ is the kernel of the reduction modulo p of p4> '■ Eq — )> Eq, then 
we have a /c-linear epimorphism Eq/F^^ E/F^ which is the tangent map di of l. From 
this and the fact that ©"^(E")* is connected (see Lemma 3.1 (a)), we get that t is an 
epimorphism. From this and the fact that the height of 'B~^{Ey is at least equal to the 
height of D-i(£;o)\ we get that t is an isogeny. Thus dt is a fc-linear epimorphism between 
fc-vector spaces of the same dimension and therefore it is a fc-linear isomorphism. This and 
the fact that l : D~-'^(£^o)^ ^ D~^(£')* is an isogeny between connected p-divisible groups, 
implies that t is an isomorphism. Thus Eq = E. Therefore (b) holds. 

We prove (c). Let Wo be the 5(A;)-vector subspace of M[^] generated by all y{M[^]) 

with y e W. If Pw is a 5(A;)-basis for W, then we have Wq = J^yep^ vi^i^])- 
(j){W) = W, we have 0(Wo) = Wq. We consider a direct sum decomposition (M[^],0) = 
(Wo,0) ® (Wo-,0) into F-isocrystals. Let t G Lq be the projection of M[^] on Wq- 
along Wq. For each x G W, we have a;(M[^]) C Wq (cf. the very definition of Wq)- 
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Moreover x{Wo) = "^y^^^ xy{M[^]) = (as each xy e W"^ = 0). From the last two 
sentences wc get that tx = 0, xt = x, and [x,t] = x. Thus [E,t] = E. Therefore 
(c.i) holds. If Ml := M n Wq and M2 := M/Mi, then we get a short exact sequence 
(Mi,0) {M,(f)) (M2,(/)) ^ such that W is contained in Hom(M/Mi, Mi)[i]. 
This implies that E C Hom(M/Mi, Mi) and thus (c.h) also holds. □ 

3.3. Proof of the Basic Theorem A. The proof of Basic Theorem A is divided into 
five parts (see the below Subsubsections 3.3.1 to 3.3.5). 

• The first part introduces a deformation package P(!B) that produces a closed em- 
bedding Qk : Spec(5'/pS') ^ Spec{R/pR) which will define 9f • 

• The second part uses Lemma 3.2 (c) to produce an enlargement E of E which 
is a Lie subalgebra of End(M)[^] equipped with a short exact sequence — > -E — > -E — )■ 

W{k) — )■ 0. The role of E is to produce from P(!B) a suitable short exact sequence of 
F-crystals over S/pS (for this we will use the connection results of Section 2). 

• The third part shows that the short exact sequence of F-crystals over S/pS is 
(isomorphic to) the one associated to the universal extension of D~-'^(£') by {lip^)k- This 
endows Spf(S'/p5') with a natural structure of a formal Lie group. 

• The fourth part checks that if Sf' ^ I'fc is indeed defined by the closed embedding 
qk : Spec(5'/p5') ^ Spec{R/pR), then the non-canonical parts of Basic Theorem A hold. 
Lemma 3.1 (b) is used in this part. 

• The fifth part checks that 9f and its formal Lie group structure are indeed canonical 
i.e., do not depend on the choices of P(!B) and E made in the first two parts. 

3.3.1. Explicit deformation package. We take n e N U {0} to be the codimension of 
I])~^{E). Let !B = (vi, . . . , Vn) be an n-tuple of elements of E such that {^{vi), . . . , i'{vn)} 
is a /c-basis for i^{E), cf. Lemma 3.2 (b). We consider the deformation package 
P(S) = (?i,Ar,n,iV,[/,C/,Wuniv,$N,V,-f)s/pS,gfc,9fc,i^,-^) of S. Letp$iv : End(M) ^^^(fc) 
S End(M) ®w{k) S be the $5-linear monomorphism induced by p$Ar. Let lu '■ U ^ U 
be the closed embedding of the proof of Fact 2.5. We have p^N — Wuniv(p</' ® ^s), where 
Wuniv := + Er=i dluivr)^x^ G U{S) ^ GL^(5) (cf. Formulas (1) and (2)). The 
morphism : Spec{S /pS) — )■ Spec{R/pR) is a closed embedding, cf. Lemma 2.3. 

3.3.2. Lie elements and connections. Let t E Lq he an element that is fixed by (p 
and such that we have [E, t] — E, cf. Lemma 3.2 (c.i). We refer to t as a Lie element for 
E. Let E := E® W{k)t. As E^ = and [E,t] = E, E is a. Lie subalgebra of End(M[^]). 

As N = No C E, we have N"^ = and iV is a direct summand of End(M). Thus U 
is a smooth, closed subgroup scheme of GL^ whose Lie algebra is (cf. properties (i) 
and (ii) before Theorem 2.2). It is convenient to identify E/E = W{k)t, whenever we 
have short exact sequences that are natural tensorizations of the short exact sequence 
-)■ -E -)■ £■ -)• E/E -)■ (of either Lie algebras over W{k) or W(/c)-modules). 

We have V = 5o + u with u E E ®w(k) cf. Proposition 2.6 (a). The connection 
V induces a connection V = Sq + 00 on E <Siw{k) As u e Hom(£'/£', E) ®w{k) (cf- 
Proposition 2.6 (b)), the connection V induces the flat connection Sq on both E ®w{k) ^ 
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and E/E ®w{k) ^ = ^t- Thus we have a short exact sequence of F-crystals over S/pS 

(6) ^ {E®w{k) S,p(j)®^s,So) (E^wik) -S,p$iv,V) ^ ® $s, 5o) ^ 0. 

As the left t/-modules E and E/E are trivial, for the first and the last terms of (6) we do 
not have to insert the universal element ttuniv £ U{S) ^ GLm('S'). Let ^s/pS be the unique 
p-divisible group over Spec{S/pS) whose F-crystal over S/pS is {E <S)w{k) S,p^N, V) (its 
existence and uniqueness is argued in the same way we argued the existence and the 
uniqueness of S)s/pS the paragraph after Theorem 2.2, the role of S = {vi, . . . ,Vn} 
being replaced by {dlu{vi), . . . ,dlu{vn)})- As {xi, . . . ,Xn} is a p-basis for the regular 
ring S/pS, the crystalline Dieudonne functor D is fully faithful on p-divisible groups over 
Spec{S/pS) (cf. [BM, Thm. 4.1.1]). Thus to (6) corresponds a complex 

(7) ^ ii^p^)s/ps ^ ^s/ps ^ B>-HE) Xk S/pS ^ 

of p-divisible groups over Spec(S'/pS'). The complex (7) is a short exact sequence as this 
is so modulo the maximal ideal of S/pS. The Cartier dual of (7) is a short exact sequence 

(8) ^ B-^iEY Xfc S/pS ^ 2's/ps ^ iQp/^p)s/pS ^ 
of p-divisiblc groups over Spcc(5'/p5'). 

3.3.3. Lemma. The short exact sequence (7) is the universal extension of 3~^{E) by 
{lJ-p°^)k- In other words, if Y is a local, artinian k-scheme of residue field k and if we have 
a short exact sequence — >■ — >■ 6 — >■ J}~^{E) F — >■ of p- divisible groups over Y 
that lifts the split short exact sequence — >■ (//poo)fe — >■ I])~^{E) © {Hpoo)k — >■ — >■ 0, 
then there exists a unique morphism Y — >■ Spec{S/pS) of k-schemes such that the pull 
back of (7) via it is (up to a unique isomorphism that lifts the identity automorphism of 
B)~^{E) © {iip'=^)k) the short exact sequence {tJ>p°°)Y — ^ — B~'^{E) XkY ^ 0. 

Proof: As the map N/pN — > T induced by u is injective, from the property 1.3.1 (*) we get 
that p4>{N) is a direct summand of End(M) and thus also of E. As the rank n of is the 
codimension of 'B~^{E), there exists a direct sum decomposition E = N ® into W{k)- 
modules such that the triple {E,F]^,p(p) is a filtered Dieudonne module. It is well known 
that a universal extension of D~^(i?) by {Upoo)^ exists and it is associated naturally to a 
smooth formal subscheme of the formal deformation space of D~^(i?)©(/Xpoo);, over Spf(/c). 
The tangent space of the universal extension of 'D~^{E) by {fJ.p^)k (i-e., of {W{k)t,p(f)) by 
{E,p(j))), is the fc-vector subspace 

:= Hom(^/£;, E/Fl) ®w{k) k = Hom((F^ + W{k)t)/Fk, E/F^) ^^ik) k 

of the tangent space 

To := Hom(Fi; + W{k)t, E/F^) ^w{k) k = End{E/pE)/F\End{E/pE)) 

of the formal deformation space of the direct sum /j-divisible group J])~^{E) © {fipoo here 
F°{End{E/pE)) := {x G End{E/pE)\x{F^/pF^ + kt) C F^^/pFl + kt}. Therefore 
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dimfe('Jo®) = n. Thus (7) is the universal extension of 'B~^{E) by (//poo)/- if and only 
if the tangent space Tq of (7) (i.e., the image of the tensorization with the maximal ideal 
/ of of the Kodaira-Spcncer map of V) has dimension n. 

The image of the differential map dlu '■ Lie(C/) Lie{U) defined by Formula (2) is 
Im{dlu) = B.om{E/E, [N, t]). As V is induced by V and as TV = Lie{U), from Lemma 2.3 
we get that the tangent space 7q is the projection into To of Im{dlu)- As (j){t) = t and 
[E, t] = E, the association x — > [x, t] defines an automorphism [E, p(p) ^ {E, pep). Therefore 
we have another direct sum decomposition E = [N,t] © into VF(A;)- modules. As the 
/c- vector subspace [A^, t] ^w(k) k of E ®vK(fc) k maps isomorphically onto {E/F^) <^w{k) k, 
the image of lm{dlu) in % is exactly 0^®. Thus = T^^. Therefore dimfc(Tjj) = n. 
Thus the short exact sequence (7) is the universal extension of'B~^{E) by {fipoo)^. □ 

3.3.4. Formal Lie group structure. As (8) is the Cartier dual of (7), from Lemma 
3.3.3 we get that (8) is the universal extension of (Qp/Z^)/, by 'B~^{Ey. Thus the formal 
subscheme Spf{S/pS) of Dk = Spf{R/pR) has a natural structure of a formal Lie group 
over Spf(A;) isomorphic to the formal Lie group Ext^{{Qp/Zp)k,I^~^{EY) over Spf(/c). As 
Hom{{Zp)k,'B-^{EY) ^ Ext^{{Qp/Zp)k,B-^{EY) (cf. third paragraph of Section 1), the 
formal subscheme Spf{S/pS) of = Spf{R/pR) has a natural structure of a formal Lie 
group over Spf(fc) isomorphic to the formal Lie group over Spf(A;) associated to the p- 
divisible group 'B~^{Ey. The addition law of Spf{S/pS) is defined naturally by adding 

the two short exact sequences over Spec(5'/p5' ©jt S/pS) that are the pulls back of (8) via 
the two projections Si, S2 : Spec(5'/p5' ©^ S/pS) — Spec(5'/p5') (here S/pS ®k S/pS is the 
completion of the local ring S/pS®kS/pS). As Sf' we take the formal subscheme Spf(S'/p5') 
of Dfe = Spf(i?/pi?) defined by the closed embedding : Spec(S'/pS') )■ Spec(i?/pi?), 
together with its formal Lie group structure we have introduced. From the last three 
sentences we get that the non-canonical part of the property 1.5 (i) holds. From Lemma 
2.3 and the identities Nq = N and z/(i?) = t^{N), we get that the property 1.5 (ii) holds. 
The property 1.5 (iii) also holds, cf. Lemma 3.1 (b). 

3.3.5. Canonical properties. Based on the previous Subsubsection, to end the proof of 
the Basic Theorem A (i.e., to check the canonical parts of it), we only have to show that 
the following three properties hold: 

(i) the formal Lie group structure on 9|' does not depend on the choice of the Lie 
element t E Lq for E; 

(ii) the formal subscheme Sf of Dk does not depend on the choice of !B e E^^; 

(iii) the formal Lie group structure on Sf' does not depend on the choice of 23 G E^"^. 

On (i). To check (i), we consider another element ti G Lq which is fixed by (p and for 
which we have [-E',ti] = E. Let Ei :— E (B W{k)ti. We have a Lie isomorphism 

j:Ei^E 

that is compatible with pcf) and that obeys the following two rules: (i.a) j{ti) = t, and 
(i.b) j{[x,ti]) = [x,tj for all x e E. The Lie isomorphism j is also an isomorphism of left 
[/-modules. Thus p^N o J ® Is = J ® Is op^jv : Ei <Siw{k) S ^ E <Siw{k) S. Let Vi be the 
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connection on Ei <S>w{k) that is the analogue of V but obtained working with ti instead 
of t. As Vi is uniquely determined by p^jv restricted to Ei <Siw{k) ^ (this is only a variant 
of Theorem 1.2 (a)) and as p^N ° J ® Is = J ® Is ° P^n, j ® Is is parallel with respect 
to Vi and V. In other words, j ^ Is induces an isomorphism between the short exact 
sequence (6) of F-crystals over S/pS and the analogous short exact sequence of F-crystals 
over S/pS one gets by working with ti instead of t. Therefore the isomorphism class of the 
short exact sequence (6) does not depend on the choice of t. From this and [BM, Thm. 
4.1.1] we get that the isomorphism class of (7) and thus also of (8) does not depend on t. 
Therefore the formal Lie group structure on does not depend on the choice of t. Thus 
(i) holds. 

On (ii). The fact that (ii) holds is implied by Corollary 2.7. We have two extra properties: 

(iv) the 5'-submodule E ®w{k) S of End(M) ^w{k) S is the unique 5'-submodule 
which modulo J is E and which defines a constant F-crystal {E^w(^k) S^pcp^^s^^o) over 
S/pS (in fact L_ ®b(A;) S[^] is the maximal 5" [^] -sub module of End(M[^]) ®b(A;) S[^] with 
the property that all slopes of (L_ ^B{k) 'S[^],P^n) belong to the interval [0, 1), cf. the 
fact that the p-divisible group ^s/pS = Qki'^) geometrically constant); 

(v) the element t G {End{M[^])/E[j^])0B{k)'S[^] is uniquely determined by the facts 
that it is fixed by ^n, it is annihilated by V, and it lifts the element t of (End(M[^])/£'[^], (p) 
(this is so, as the inclusion ^s{J) ^ implies that there exist no element in 
(End(M[i])/£;[i]) J[i] that is fixed by ^n). 

On (ill). Based on (iv) and (v) we get that the S'-submodule ofEnd{M)^iY{k)S 
is intrinsically associated to the pair {t, E) and to the F-crystal (M ®w{k) S,^n,'^) over 
S/pS. Due to the property (ii), both the closed embedding : Spec{S/pS) ^ Spec{R/pR) 

and the last F-crystal over S/pS are intrinsically associated to E. As the formal Lie group 

structure on the formal subscheme S|' of Dk was intrinsically defined in terms of 

we conclude (based on the last three sentences) that (iii) holds. □ 

3.4. Example. Suppose that we have a direct sum decomposition (M, </>) = (Mi,(^) © 
(M2, (p) such that the greatest Newton polygon slope of (M2, (p) is greater than the smallest 
Newton polygon slope of {Mi,(f)). Let D — Di D2 he the corresponding product 
decomposition of p-divisible groups over k. Let E be the largest W(fc)-submodule of 
Hom(M2,Mi) such that the pair {E,p(p) is a Dieudonne module over k: our assumption 
on Newton polygon slopes implies that E ^ 0. Let t be the projection of M on M2 
along Ml. We have (plt) = t and [E,t] = E. Let £fc be the formal subscheme of Dk 
that parametrizes extensions of Di by D2. We can identify £fc = Ext^{Di, D2); thus £fe 
has a canonical structure of a formal Lie group over Spf(A;). As we have V = (5o + u; 
with ui E E ^w{k) ^s (^^^ Subsubsections 3.3.1 and 3.3.2), the connection V annihilates 
both Ml eg) 1 and M2 ® 1 and it leaves invariant the S'-submodule Hom(M2, Mi) ^w{k) S 
of End(M) 0M/(fc) S. The group scheme U fixes both Mi and M2. From the last two 
sentences we get that there exist short exact sequences 
(9) 

{Mi(^wik)S,(j)(»^s,So) {M(^w{k)S,^N,^) {M2<»wik)S,(j)(»^s,So) and 
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^ (Hom(M2, Ml) ®w{k) S,p^ ® 5q) ((Hom(M2, Mi) ® W{k)t) ®w{k) S,p^n, V) 



(10) ^{St,p(l>^^s,So)^0 

of F-crystals over S/pS. To the short exact sequence (9) corresponds a short exact sequence 
^ D2 Xfc S/pS Sjs/pS Di Xk S/pS ^ of p-divisible groups over Spec{S/pS), cf. 
[BM, Thm. 4.1.1]. Thus Sf is a smooth formal subschema of £fe. 

Let Hk be the formal group over k that parametrizes isomorphism classes of extensions 
of the F-crystal (Mi, 0) over k by the F-crystal (M2, (j)) over k. Let be the formal group 
over k that parametrizes isomorphism classes of extensions of the F-crystal {W{k)t,p(f)) 
over k by the F-crystal (Hom(M2, Mi), pep) over k. 

Here are three key functors. 

• The crystalline Dieudonne functor D defines a homomorphism : £fe ^ J'fe of formal 
groups over Spf(/c). It is a monomorphism, cf. Grothendieck-Messing deformation theory. 

• The short exact sequence (10) is the push forward of (6) via the monomorphism 

{E ^w{k) S,p(f> (g) So) ^ (Hom(M2, Mi) <^w{k) S,p^ ® 5q) 

of (constant) F-crystals over S/pS. This property is a direct consequence of the fact 
that we have V = 5q + u with u & E ®vK(fe) (and it holds without assuming that 
E[^] = Hom(M2, Mi)[i]). Thus we have a natural homomorphism : Sf ^ W^. 

• We have a natural monomorphism Tk : 3^k ^ "^k defined as follows. Not to introduce 
extra notations, we will describe here only the restriction of to Im(Efc) (the general 
description of Tk is the same). The short exact sequence (10) is obtained from (9) via the 
following two operations (performed in the order listed): 

(i) the tensorization of (9) with the F-crystal (Hom(M2, VF(/c)) 'S',p0(8)$5, 5o) 
over S/pS of the p-divisible group D\ S/pS; 

(ii) a pull back via the canonical embedding of {W{k)t ^wik) S,p(f) §>> $5,^0) into 
the tensor product (M2 (S)w{k) S,4>(S)^s, So) ® (Hom(M2, W{k)) (Siwik) S, pep ® $s, So) (the 
projection t of M on M2 along Mi maps canonically to Imj ^ -^2 ®VK(fc) Hom(M2, W{k))). 

As the operations (i) and (ii) are compatible with additions of extensions, the restriction 
of Tfc to Im(Efe) is a homomorphism of formal groups over Spf(A;). 

The composite of the formal closed embedding Sf' ^ £fc with the monomorphism 
Tfe o Dfc : £fc ^ Wfc is the homomorphism E^ : — >■ Wfc. Thus is a formal Lie 
subgroup of £fc as well as of Wj.. If both Di and D2 are isoclinic p-divisible groups, then 
this result is also claimed in [Ch2] . 

3.5. Proof of the Basic Theorem B. We will check one by one that properties 1.6 (i) 
to (iv) hold. 

On 1.6 (i). Ifp > 2, then the existence and the uniqueness of'B~^ {E)w{k) is implied by the 
Grothendieck-Messing deformation theory. Iip = 2, then the existence and the uniqueness 
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is (for instance) a consequence of [Fo, Ch. IV, Prop. 1.6]. More precisely, we 
know that D~^(£')* is connected (cf. Lemma 3.1 (a)) and loc. cit. asserts that the category 
of p-divisible groups over W{k) whose Cartier duals are connected is antiequivalent to the 
category of filtered Dieudonne modules over k that do not have slope 1. Strictly speaking, 
loc. cit. is stated in terms of Honda triples (of the form (M, (/)(^F^), ^i)) and not in terms 
of filtered Dieudonne modules (of the form (M, F^,(f)i)). Thus regardless of the parity of 
p, the property 1.6 (i) holds. 

On 1.6 (ii). Let the direct sum decomposition E = F^(E) ® F~^{E) be as in the axiom 
1.4 (iii). We have a canonical choice for N] it is N := F~^{E). Due to the axioms 1.4 (iii) 
and (iv), the short exact sequence (6) extends to a short exact sequence 

^^{E®w{k) S,F\E)^w{k) S,p(j)(»^s,So) {E(E)w{k) S, F\E) ^w{k) S ® St,p^N,S/) 

(11) ^ {St,St,p(i)0^s,So) ^0 

of filtered F-crystals over S/pS. For all m G N, the ideal pJ of S has a nilpotent divided 
power structure modulo pJ"^. From this and the Grothendieck-Messing deformation the- 
ory we get that to (11) corresponds a short exact sequence 

(12) ^ (fjLpoo)s ^ £ ^ J])-\E)wik) xwik) S^O 

of p-divisible groups over Spec(5') that splits modulo J and that lifts (7) (it is over Spec(S') 
and not only over Spf(S'), cf. [Me, Ch. II, Lemma 4.16]). The Cartier dual of (12) is a 
short exact sequence of p-divisible groups over Spec(S') that is of the form 

(13) ^ D-^(£;)V(fe) x^(fe) 5 ^ ^ (Qp/Zp)5 ^ 0, 

that splits modulo J, and that lifts (8). Due to the Lemma 3.3.3, the short exact se- 
quences (12) and (13) are universal extensions. Thus (13) is the universal extension of 
{Qp/'Zjp)w(k) by B)~^{EYy^^^y Therefore the formal subscheme Spf(5') of D = Spf(i?) 
has a natural structure of a formal Lie group over Spf(VF(fc)) isomorphic to the formal 
Lie group Ext^{{Qp/Zp)iY(^k^,'D~^{E)\y^j^-^) over Spf(VF(/c)). As we have an isomorphism 

of formal Lie groups iyom((Zp)vK(fe), D"n^)V(fe)) ^ ^^^H(Qp/^p)vy(fe), D"n^)V(fe)) (^^^ 
the third paragraph of Section 1), the formal subscheme Spf(S') of D = Spf(i?) has a nat- 
ural structure of a formal Lie group over Spf{W{k)) isomorphic to the formal Lie group 
over Spi{W{k)) associated to the p-divisiblc group I])~^(E)\yf^j^y As 9^ we take the formal 
subscheme of D = Spf(i?) defined by the closed embedding q : Spec(S') )■ Spec(i?), to- 
gether with its formal Lie group structure we have introduced. Thus the property 1.6 (ii) 
holds. Here q is the morphism introduced after Theorem 2.2 and it is a closed embedding 
as its special fibre qk : Spec{S/pS) — > Spec{R/pR) is so. 

On 1.6 (iii). We recall that to the Hodge filtration F^ of -DvK(fc) corresponds a direct sum 
decomposition {E,F^{E) ® W{k)t,p^) = {E, F^{E),p(j)) ® {W{k)t,W{k%p^) of filtered 
Dieudonne modules over k. Thus as (13) splits modulo J, the origin of corresponds to 
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DvK(fc) to the morphism zq : S'pec{W{k)) — >■ Spec(5') defined by the VF(A;)-epimorphism 
Wq : S ^ W{k) whose kernel is J (cf. the second part of Theorem 2.2 (b)). 

Let z : Spec(VF(/c)) — )■ Spec(5') be another morphism and let w : S ^ W{k) be the 
M^(/e)-epimorphism that defines 2;. Fori G {1, . . . ,n},letyi := a{w{xi))—w{xiY EpW{k). 
The filtered Dieudonne module of (q o z)*{D) is of the form (M, F^, (p), where the lift 
of (M, 0) is computed as follows. Let Uz := UunW o z G U{W{k)) ^ GLM{W{k)). Let 
02 := Uz4> and let (pz : (^-P"^ + M) 0w{k) aW{k)^ M be the VF(/c)-linear isomorphism 
defined by (M, If : {^F^ + M) ®w{k) <7W{k) ^ M is the Vr(A;)-linear isomorphism 
defined by (f), then there exists Qz G GL( such that we have 

^ o Qz = (f)z. The correction factor Qz is computed as follows (see [De, (1.1.3.4)] and [Fa, 
Sect. 7] for the standard way of pulling back F-crystals). For m e ^F^ + M we have 

(14) 9z{m®i)^ Yi (n^(^)'')(™®i)n7r- 

ii,i2,...,ineNu{0} i=i * i=i 

As 4>ogz = 0z, we have gz(F^ ®w{k) aW(k)) = F^ ®wik) aW{k). As yi, . . . ,yn e pW^(A;), 

all products belong to pW{k). From this and the fact that V = Sq + u with uj e 

£^ <8)vK(A:) we easily get that (14) implies that there exists an clement e G p-E" such that 
F^ = (1m + e)(F^). Writing e = eo + e_i, where eo G pF^{E) and e_i e pN = pF~^{E), 
we have Im+c = (lM+e-i)(lM+eo) and = (lM+eo)(i^^). Thus = (lM+e-i)(Fi), 
where e_i G pF~^{E). Therefore the property 1.6 (iii) holds. 

On 1.6 (iv). We check that the property 1.6 (iv) holds. Let D^^^^{E) be the p- divisible 
group over W{k) that lifts D and that is defined by z; its filtered Dieudonne module is 
{M,F^,(f)). Let fj,z : Gm — > GLm be the inverse of the canonical split cocharacter of 

(M, F^, (f)). Let F^ © F^ he the unique direct sum decomposition normalized by Im^u^^). 
The VI/ (A;) -modules FO(End(M)) := Hom(FO, F]) ©End(F]) ©End(FO) and Hom(FO,F]) 
are the inner conjugates of F°(End(M)) := Hom(F°,F^) © End(F^) © End(F°) and 
Hom(F°, F^) (respectively) through 1m + e_i. But E = F^{E) © F-^(F) is fixed under 
the inner conjugation through lM + e_i. From the last two sentences we get that F^{E) = 
FnF°(End(M)) = F n F^"(End(M)) and that F n Hom(FO, F^) = F nHom(FO, F]) = 0. 
Thus the following triple (F, C F°(F) C F, (0, ^0, 0)) is a sub-object of the object 

(End(M), C Hom(F°, F]) C F°(End(M)) C End(M), (0, ^(p, (t>,p4>)) 

of the category of filtered modules MFw,tf over W{k) defined in [Wi, Subsect. 1.1]. From 
this and the functoriality of canonical split cocharacters (see [Wi, p. 513]), we get that the 
cocharacter pL^z '■ Gm GLEnd(M) defined by Hz normalizes F. From this and the identity 
F n Hom(F^,Fj^) = 0, we get that we have a direct sum decomposition F = F^{E) fl 
F-i(F), where F^{E) = En{End{F^)®Eiid{F^)) and F-i(F) := FnHom(Fj, F^). Thus 
the axiom 1.4 (iii) holds for the pair (F, F^(^)(F)). As F = 0(F°(F)) © p0(F-i(F)), 
we also have F = 0(F°(F)) ©p0(F~^(F)); therefore the axiom 1.4 (iv) holds for the pair 
(F, D^.^JE)). Thus the property 1.6 (iv) holds. □ 
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3.6. Proposition (the functorial property). Let E and Ei he two W{k)-suhmodules 
ofV- for which the axioms I.4 (i) and (ii) hold and we have E C Ei. Let e : I])~^{Ei) — )■ 
B)~^{E) be the homomorphism defined by the monomorphism (E^pcj)) {Ei,p(f)) of Dieudonne 
modules over k. Let l : I])~^{EY — )■ B)~^{EiY be the Cartier dual of e. 

(a) Then Sl' is a formal Lie subgroup of 9f'^ (ind the monom,orphism, 9^ ^ is 
isomorphic to the homomorphism of formal Lie groups over Spf{k) associated to i (therefore 
i is a closed embedding homomorphism). 

(b) Suppose that moreover there exists a p-divisible group D^(j^^ over W{k) that 
lifts D and such that the axioms I.4 (Hi) and (iv) hold for both pairs DvK(fc)) o-'iT'd 

. Then is a formal Lie subgroup of and the monomorphism ^ S^^ 
is isomorphic to the monomorphism of formal Lie groups over Spf{W{k)) associated to the 
unique monomorphism iw{k) '■ ^~^i^)w(k) ^ ^^^^ ^'^fi'^ ^■ 

Proof: We can assume that t E Lq is such that (p{t) = t, [E,t] — E, and [-Eiji] = 
El (cf. proof of Lemma 3.1 (c) appHed to {Ei,p(f))). Let ni := dimj^{iy{Ei)). Let 
Si := W{k)[[xi, . . . ,Xni]]- Let ^s^, and d^Si be the analogues of $5, fig, and 

d^s (respectively) but obtained working with 5*1 instead of S. We identify Spec(S') 
with the closed subscheme of Spec(S'i) defined by the ideal {xn+i, ■ ■ ■ ,iCni) of Si. Let 
^1 ('i^i, ■ ■ ■ jVni) be an ni-tuple of elements of Ei that extends S = {vi, . . . ,Vn) and 
such that {z^(fi), . . . , J^(fni)} is a /c-basis for ^{Ei). We consider the deformation pack- 
age P (Si) = ini,Ni,ni,Ni,Ui,Ui,uiunW,^Ni,'Vi,:^is/ps,qik,qik,^i,^i) of !Bi. The 
restriction of gi : Spec(5'i) — Spec(i?) to the closed subscheme Spec(5') of Spec(S'i), is 
the morphism q : Spec(5') — )> Spec(i?); this is so as the VF(/c)-epimorphism S*! ^ 5" is 
compatible with the Frobenius lifts and as wiuniv £ GLm{Si) restricted to Spec(S') is 
Uunw e GLMiS). Let Ei := Ei © W{k)t. Let 

(15) 0^ {Ei®w{k)Si,p(l)^^Si,So) ^ (^i<H)iv(fc)-5i,p^jVi, Vi) ^ (5it,p(^®$Si, 5o) ^ 
and 

(16) ^ B-\Eif Xfc Si/pSi ^ S^lsjps, ^ iQp/^p)sM ^ 

be the analogues of (6) and (8) (respectively) but obtained working with Si instead of !B. 
The restriction of (15) to Spec(5'/p5') is a short exact sequence 

0^ {El ^w(^k) S,p4>^<^s,So) {El ^w{k) S,p^N„^i) {St,p4>^^s,So) ^0 
which is the pull forward of (6) via the monomorphism 

{E 0w{k) S,p(p ® $5, So) ^ {El ^w{k) S,p(p ® $5, So) 

of F-crystals over S/pS (this is so as p$ Ni and p^ n act in the same way on Ei <S)w{k) S ; the 
connection on Ei ^wik) S induced by Vi is V, cf. Theorem 2.2 (a)). Thus the restriction 
of (16) to Spec{S /pS) is a short exact sequence 

^ B-\Ei)' Xfe S/pS ^ 2\s/ps ^ {Qp/^p)s/ps ^ 
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which is the pull forward of (8) via the homomorphism r : 'B~^{Ey — >■ D~-'^(£'i)*. As the 
addition laws on Sk S^^ are defined by adding short exact sequences, we get that the 
natural inclusion morphism 

Sf ^ is a homomorphism of Lie groups; more precisely, 
it is the homomorphism of formal Lie groups over Spf(A;) associated to r (cf. the functorial 
part of the third paragraph of Section 1). Thus (a) holds. 

The proof of (b) is the same: one only has to use filtered F-crystals instead of F- 
crystals (the proof of Lemma 3.1 (a) adapts to show that Tw{k) exists and it is unique). □ 

3.7. Corollary. Let E be a W{k)-submodules of V- for which the axioms I.4 (i) and 
(a) hold. Then there exists a short exact sequence — > D2 D ^ Di ^ of p- divisible 
groups over k that depends on E and such that Sf' is naturally a formal Lie subgroup of 
the formal Lie group Ext^{Di, D2) over Spf{k). 

Proof: We consider a short exact sequence — )> (Mi,0) — )> {M,(f)) — )■ {M2,(p) — )> such 
that E is contained in the direct summand Hom(M2, Mi) = Hom(M/Mi, Mi) of End(M), 
cf. Lemma 3.2 (c.ii). Let — > Z)2 — > -D — > -Di — >■ be the corresponding short exact 
sequence of p-di visible groups over k. 

Let D' := Di Xk D2] its Dieudonne module is (M',(^') = (Mi,(/)) © (M2,(/)). We 
identify Hom(M/Mi,Mi) = Hom(M2,Mi) = {x G End(M')|x(M2) = 0, x{M') C Mi}. 
Let E' be E but viewed as a W^(A;)-submodule of Hom(M2, Mi) C End(M'). 

Let b := D Xk D'; its Dieudonne module is (M, ^) = (M, (/>) © (M', (/>'). We can 
speak about the diagonal embedding E = E ^ E ® E' inside End(M). Let !D'^ and 
i)'^ be the formal deformation spaces of D' and D (respectively). We identify naturally 
Tik Xspf(A;) 2)'^ with a formal subspace of I)'^. Let Sf , S'^^', and be the formal Lie 
groups associated to the pairs (I?, E), {D' , E'), and (D, E) (respectively). To the diagonal 
embedding E ^ E(BE' inside End(M) corresponds (cf. Proposition 3.6 (a)) formal closed 
embeddings 

Sf Sf xspf(fc) S'f Dk xspf(fc) D', VI 

the first one being also a homomorphism. We know that S^^ is a formal Lie subgroup of 
Ext^{Di, D2), cf. Example 3.4. The Corollary follows from the last sentence and the fact 
that the natural projection homomorphisms Sf ^ and ^ are isomorphisms 
(one can easily check this at the level of tangent spaces, cf. property 1.5 (ii)). □ 

4. Sign p-divisible groups 

We define the positive and the negative /j-divisible groups of D and we list elemen- 
tary properties of them (sec Subsection 4.1). Their quasi-factors, strings, and slices are 
introduced in Subsection 4.2. In Subsection 4.3 we combine the Basic Theorem A with 
Subsection 4.2 to define quasi-factors, strings, and slices of 2)^ itself. 

For a Newton polygon slope a e W of D let Tq, := dimB(k){W{a)) e N. Let 
X := {(a, ^) e W X W\a < /3}. Let si, S2 : X — )■ W be the two projections. We fix a subset 
■y of X. We say ^ is a square zero subset of X, if the intersection si(y) fl S2(y) is empty. 

4.1. Lattices. Let 0+ := {x e V+|0^(x) E V+ ^q E N}; it is a nilpotent subalgebra of 
V+. Let O- := {x e V-\(j)~'^{x) eV-^q e N}; it is a nilpotent subalgebra of V-. 
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4.1.1. Lemma. The W{k)-module 0_ is the largest W {k)-submodule ofV- such that the 
pair iP-^pcf)) is a Dieudonne module over k. The W {k)-suhmodule 0_(_ o/V+ is the largest 
W {k)-suhmodule ofV^ with the property that the pair (O_(_,0) is a Dieudonne module. 

Proof: The first part is a particular case of Lemma 3.1 (a). Tfie proof of the second part 
is similar to the proof of Lemma 3.1 (a) and thus it is left as an exercise. □ 

4.1.2. The trace map. Let Tr : End(M[i]) x End(M[i]) B{k) be the trace map: 
if x,y E End(M[^]), then Tr(x, y) is the trace of the endomorphism xy G End(M). For 
x,y E End(M[-]) we have Tr((/)(x), (/){y)) = o"(Tr(x, y)) i.e., Tr is invariant under (j). 

Let /:+ = L + ©(,,^)ey Hom(W(a), and V+ = V+(y) := V+ H L+. 

Let = := ®^a,/3)ey^om{W{/3),W{a)) and V_ = := V- n Let 

0+ = 0+(y) := 0+ n V+ and 0_ = 0_(y) := 0_ n V_. The largest Dieudonne module 
contained in (V_|_, 0) (resp. in {V_,p(f))) is {0^,(f)) (resp. is (O_,p0)). 

If (q;i,/3i), {a2T /32) G W X W are two pairs such that (q;i,/3i) ^ (/52,ci2), then we 
have Tr{Ilom{W{ai),W{l3i)),Ilom{W{a2),W{l32))) = 0. This implies that: 

The map Tr restricts to a perfect bilinear map Try : x — )■ B{k) (i.e., the 
B{k)-linear map — > Hom{L_,B{k)) induced by Try is an isomorphism). 

By the dual of a VF(/c)-lattice ★ of (resp. of we mean the unique W{k)- 
lattice B(*) of L- (resp. of such that Try restricts to a perfect map ★ x B(*) — )■ W{k) 
(resp. B(*) X * ^ W{k)). Let V+,_ = V+,_(V) := B(V_) C L+ and = V_,+ (y) := 

B(V+) C As Tr(V+, V_) C W^(A;), we have inclusions 

(17) V+ C V+,_ and V_ C V_,+. 

4.1.3. External mixed sign level modules. Let 0+,- = 0+._(y) be the smallest 
VF(A;)-submodule of such that V+^_ C 0+,_ and the pair (O+^_,0) is a Dieudonne 
module over k. Let 0-,+ = 0_,+ (y) be the smallest VF(/c)-submodule of L_ such that 
V_,+ C 0_,+ and the pair (O-^+^pcf)) is a Dieudonne module over k. We have (cf. (17)): 

(18) 0+ C 0+ _ and 0_ C 0_^+. 

We call - := 0+^_(X) (resp. := 0_^-|-(X)) the external mixed positive (resp. 

negative) level module of (M, (/>). One can define the external positive (resp. negative) level 
module 0_|_^+ (resp. 0_^_) of {M,(p) and the internal mixed positive (resp. negative) level 
module of (M, 0); as they are not used in what follows, we will only say here that 0+^+ is 
the smallest VF(A;)-submodule of L+ that contains V+ and such that the pair (0+,+, (j)) is 
a Dieudonne module over k. 

4.1.4. Definition. Let = -D+Cy) (resp. Z)_ = Z)_(y)) be a p-divisible group over 
k whose Dieudonne module is isomorphic to (O+,0) (resp. to (0_,p^)). Let -D+,- = 
D-^-^-C^) (resp. -D-,+ = D-^+(^)) be a p-divisible group over k whose Dieudonne module 
is isomorphic to (0^.^,0) (resp. to (0_^_|_, p(/))). We call := D^{X) (resp. Z_ := 
-D_(X)) the positive (resp. the negative) p-divisible group of either D or {M,(f)). We call 

:= £)-|.^_(X) (resp. := D_^+(X)) the external mixed positive (resp. negative) 

p-divisible group of either D or {M,(f)). 
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4.1.5. Standard homomorphisms. To the inclusions of (18) correspond isogenics 
— )■ Dj^ and — )■ -D-- As the trace map Try is perfect and as Tr is invariant 
under 0, the map ★ — )■ ]B(*) induces a bijection between: 

- the set of VF(/c)-lattices ★ of contained in (resp. containing) V+ with the 
property that the pair (j)) is a Dieudonne module, and 

- the set of VF(/c)-lattices * of /C_ which contain (resp. are contained in) V_^_|_ with 
the property that the pair (*,p0) is a Dieudonne module. 

This bijection is decreasing (i.e., it reverses inclusions). From the last two sentences we 
get that B(0+) = 0_,+ and that B(0_) = 0+ The perfect bilinear map (0+ _,(/>) x 
(O_,p0) — > {W{k),pa) defined by Try allows us to identify -D+,- with the Cartier dual of 
D_. Similarly, the perfect bilinear map (0+, 0) x (O_^+,p0) — >■ {W{k),pa) defined by Try 
allows us to identify with the Cartier dual of -D-,+ . 

4.2. Quasi-factors, strings, and slices. Let C-{^) e NU {0} be the codimension of 

(0_,p(/)). Let c_ := c_(X). The pair (0_,p(/)) is the largest Dieudonne module contained 
in (V_,p0) and we have dim(z/(0_)) = c_(^), cf. Lemma 3.1 (a) and (b). The inclusion 
map ©(a, /3)6a;(0-({(Q;, /?)}), P0) ^ (O_,p0) is an isogeny. Thus we have an identity 



and the inclusion map (0_|_^_,(/)) "— )■ ®[a.,i3)ex{^+,-{.{{.Cii is also an isogeny. The 

unique Newton polygon slope of (Hom(I4^(/3), VF(a)),p(/)) is 1 — ^ + a and moreover 
dimB(;,)(Hom(l^(/3), W{a)) = r^r/j. As ^ — a = 1 — (1 — /3 + a), we conclude that 



We call £)_({(a!, /3)}) (resp. D_|_^_({(q:, ;5)})) a quasi-factor oi Z- (resp. of -Z'+,_). 
Fora e W, let X" := {(/3,a) G X|/3 G W} and X^ := {(a,/3) G X|/3 G W}. WecallD_(X") 
(resp. ^-(Xq,)) the lower (resp. upper) a-string of Z_; similarly we call D^^^{X'^) (resp. 
-D_(_^_(Xq,)) the lower (resp. upper) a-string of ^+,-. 

We call L»_ = i:>_(y) (resp. D+- = D+.{i)) the ^-slice of Z_ (resp. of Z+ _). 

4.2.1. Fact. Suppose that D is a direct sum of isoclinic p- divisible groups over k (i.e., that 
M = ®ae'wMr\W{a) ). Then for each subset ^ ofX, we have the following two direct prod- 
uct decompositions = n(a,/3)Gy ^-({i^^P)}) ,- = Il(a,p)&y 

D+,_i{ia,P)}). 

Proof: We have a direct sum decomposition V_ = ©(a,/3)ex Hom(M fl W{/3),M fl W{a)) 
that is stable under p^. From this we get that 0_ = ©(Q,^^)gyO_({(Q;,/3)}), cf. definition of 
0_. Thus D_ = Y[(^a. /3)ey -^-({(<^' /^)})- Taking Cartier duals we get the second product 
decomposition. □ 

Here is a key particular case of the Basic Theorem A and of the Proposition 3.6 (a). 

4.3. Basic Corollary. Let ^ be a square zero subset of X. Then there exists a canonical 
formal subscheme Sfe(y) ofD^ that has the following three properties: 



(19) 




(a,/3)eX 



(20) 



c_({(a,/3)}) = raTjsiP - a). 
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(i) it has a canonical structure of a formal Lie group over Spf{k) isomorphic to the 
formal Lie group over Spf{k) associated to = D+^-C^); 

(ii) its tangent space is z^(O-) = z/(0-(y)); 

(iii) the restriction of'D^ to 9k{^) is geometrically constant. 

Let be a subset of^. Let D^^^C^i) ^ be the monomorphism whose Cartier 

dual is defined by the monomorphism {0-{^i)^p(l)) > (0_,p^) of Dieudonne modules over 
k. Then 9k{^i) is a formal Lie subgroup ofSk{^) and the monomorphism Sk{^i) > Sfc(y) 
is isomorphic to the monomorphism of formal Lie groups over Spf{k) associated to the 
monomorphism D+^-Cyi) ^ 

Proof: Let E := 0_. The axiom 1.4 (i) holds, cf. the very definition of 0_. If (ct, /3) G 
then as ■y is a square zero subset of X, we have ^ nX/j = 0. Thus U.om{W{/3), W{a))E = 0. 
This implies that E'^ = i.e., the axiom 1.4 (ii) holds. As the axioms 1.4 (i) and (ii) hold, 
the Corollary follows from the Basic Theorem A and the Proposition 3.6 (a). □ 

4.3.1. Definition. We call 9fc({(Q:, /?)})'s (resp. Sa;(V)'s with ^ a square zero subset of 
X) the negative quasi-factors (resp. slices) of D^. We call Sa;(X")'s (resp. SkC^a)) the 
negative lower (resp. upper) a-string of Dfc. 

4.3.2. Example. Let s e N be such that there exists a chain of strict inclusions 

cy,_iC...c^icy 

of non-empty subsets of X. If V is a square zero subset of X, then we have a chain 

SkC^s) Sfc(y.-i) • • • 9kM Sfc(y) 

of strict monomorphisms of formal Lie groups over Spf(/c) (cf. Corollary 4.3). 

Let m > 1 be the number of Newton polygon slopes of D (i.e., of elements of W). 
We write W = {ai, . . . , a^n} in such a way that cti < • • • < am- If / G {1, . . . , m — 1}, then 
the subset '^[l] = {{ai,aj)\l < i < I < j < m} is a square zero subset and has l{m — I) 
elements. Note that Sfc(y[l]) (resp. Sfe(y["7, — 1])) is a negative upper cti-string (resp. 
lower a^-string) of Dj. that contains exactly m — 1 negative quasi-factors of D^. 

Each y has at most [^](to - [^]) elements. Therefore we have s < [f'](TO - [f^]) - 1 
and the equality can always take place. 

5. Applications to Traverso stratifications 

In Subsections 5.1 to 5.3 we define the most general local Traverso strata and list 
basic properties of them. Example 5.4 pertains to the principally quasi-polarized context. 

Let A he a, smooth scheme over ¥p which is equidimensional of dimension cd. We 
assume that there exists a p-divisible group Da over A of codimension c and dimension d 
which is a versal deformation at all closed points of A with values in finite fields and for 
which there exists a point y : Spec(/c) — )■ A such that D — y*{'Dji). This implies that there 
exists a unique morphism g : Spec{R/pR) — > A through which y factors and for which we 
have an identity XnR/pR = g*{'DA) that lifts the identity D = y*(S)yi). The morphism 
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g gives birth to a formally etale morphism : Spec{R/pR) — )■ Ak of fc-schemes. Fixing c 
and d, there exist pairs (A^Dji) such that y exists for each D (cf. [NVW, Prop. 2.3]). 

It is known that there exists a unique locally closed, reduced subscheme Sd of Ak 
which has the following property (cf. either [Va2, Thm. 5.3.1 (b)] or [Va3, Thm. 1.2 
(d)]): A geometric point z : Spec(i^) — )■ Ak factors through Sd if and only if z*{'Dji) is 
isomorphic to Dk- The /c-scheme Sd is regular and equidimensional, cf. [Va2, Thm. 5.3.1 
(b)] or [Va3, Thm. 1.2 (a)]. We recall that Sd is a stratum of the Traverso stratification 
of Ak (or of A itself) introduced in [Va2, Thm. 5.3.1 and Subsubsect. 5.3.2] (cf. also 
[Va3, Subsubsect. 4.2.4]). Let Gk be the formal subscheme of T>k defined by the closed 
subscheme g*{sD) of Spec{R/pR); it is smooth as the morphism gk : Spec{R/pR) — > Ak 
of A;-schemes is formally etale. Let td :— dim(Cfc) = dim($D). 

Let W, X, 0-, Tq-'s, and c_ be as in Section 4. Thus c_ = X](q; /3)ex '^a'^/?!'^ ~ '^)' 
(19) and (20). It is known that 

(21) = c_ = ^ rarp{/3-a). 

Formula (21) was first stated in [Tr, Sect. 1, p. 48]: the codimension cd — td 
of Sd in Ak is cd - | Zl(a,/3)€Wx w l^aC^/? - C/jdal = cd - E(a,/3)ex ^"^/^(/^ ~ where 
Cq, := {1 — a)ra and d^ '■= otr^ are the codimension and the dimension (respectively) of 
(VF(q;), (j)). Strictly speaking, Traverso used a codimension in a certain orbit space context 
(see [Tr, Thm. 2]) but this is the same as the codimension of Sd in Ak- We call Formula 
(21) (or its codimension form) as Traversa's formula. Recently, the Traverso formula was 
proved in [Oo] and [Va3, Thm. 1.2 (f)]. The proofs in the last two references are very 
computational and rely on the fact that dim(5r») is an isogeny invariant of D. 

But the inequality td > c_ can be proved directly using only local deformation 
theory (and thus without using any global or isogeny arguments). Even more, one can 
describe Qk directly as follows. Let (n, /S, $5, ilg, d^s) be as in the beginning of Section 2. 

5.1. Description of Cfe. Let P(!B) = (n, iV, n, iV, t/, t/, Wuniv, $jv, V, i^s/pg, qa;, ?A;, ^) 
be a deformation package with N C 0_ and n = c_ = dimfc(i/(0_)) (cf. Lemma 3.1 
(b)). The p-divisible group S^s/pS over S/pS is geometrically constant, cf. Lemma 3.1 (b) 
applied to N C E = 0-. Thus the closed subscheme qk : Spec{S /pS) )■ Spec{R/pR) is 
contained in g*{sD)- As S/pS — k[[xi, . . . ,Xn\], we get td — (iim.{g*{sD)) >n = c_. 

Due to the Formula (21), the formal closed embedding Cfc )■ 2)/; = Spi{R/pR) gets 
identified with the formal closed embedding ql. : Spf{S/pS) ^ Spf(i?/pi?). 

5.2. Local Traverso strata. Let G be a fiat, closed subgroup scheme of GLm such that 
the following two properties hold: 

(i) its generic fibre GB(fc) is connected and has a Lie algebra Lie{GB{k)) that is left 
invariant under (j); 

(ii) there exists a cocharacter /x : G^n ~^ GLm that normalizes G and that gives 
birth to a direct sum decomposition M = ® such that F^/pF^ = F^ and fj, acts on 
each as the — z-th power of the identity character of Gm- 
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Based on the functorial aspects of canonical spht cocharacters (see [Wi, p. 413]), we 
can assume that ^ : Grn GLm is the canonical split cocharacter of the filtered Dieudonne 
module (M, The largest W(A;)-submodule of End(M) n Ue{GB(k)) on which 

acts through hl : Gm GLEnd(M) via the identity character of Gm, is 

Noifi) := Hom(M/F°, F^) n Ue{GBik)) 

(the intersection being taken inside End(M[i])). Let no be the rank of A^g(/x). We have 
no = dimk{iy{Na{ij,))). 

Let V_{G) := V_ n Ue(GB{k))- Let 0^{G) := 0_ n V_{G). Let D_{G) be the 
p-divisible group over k whose Dieudonne module is {0-{G),p(f}). Let C-{G) G NU{0} be 
the codimension of D_{G); thus C-{G) = dimyt(z^(0_(G))) (cf. Lemma 3.1 (b)). 

Let So '■— W{k)[[xi, . . . jXna]]- Let $5^ be the Frobenius lift of Sc that is com- 
patible with a and that takes Xi into x^ for alH e {1, • • • , no}- Let "Bq — (f 1, . . . , Vna) 
be an n^-tuple of elements of End(M) fl Lie{GB{k)) such that {^{vi), . . . , I'ivna)} is a 
A;-basis for v{Ng{ij)). Let Nq ®'^°]W{k)vi] it is a direct summand of End(M). The 
rule Ug{A) := {x G 1m®^^^-^a + -^G <^iv(fc) ^|det(a;) is an invertible element of A\ defines 
a closed subscheme Uq of GLm- 

We will choose such that Uq is a closed subscheme of G. If = 0, then Uq is 
a closed subgroup scheme of GLm whose Lie algebra is exactly Nq'-, thus the generic fibre 
of Ug is a closed subgroup of GB{k) (cf- [Bo, Ch. II, Subsect. 7.1]) and therefore Uq is a 
closed subscheme of G. For instance, we can take such that Nq — Ncipt)- 

Let P(Sg) = (nG,A^G,nG,iVG,C/G,f^G,MGuniv,$7VG, VG,i55e/p5Q,gGfc,?Gfc,-^G,-^G) 

be the deformation package of 'Bq obtained working with So instead of S. 

Let TtkiG^Bc) be the smooth formal subscheme of D/. defined by the closed em- 
bedding qok '■ ^Wc{Sg/pSg) ^ Spec{R/pR); its tangent space is i'{Ng) = ^'(A^g(a*)) (cf- 
Lemma 2.3). Let 

GkiG.'BG) := efcnD(G,SG); 

its tangent space t is u{Ng{ij^)) nz/(0_). As z^(0_(G)) is contained in z^(A^g(a*)) nz^(0_) = 
z^(Lie(GB(fc)) n End(M)) n u{0-), we get: 

The tangent space t of Gk{G, Sg) has dimension at least equal to C-{G). 

One can check that the following two properties hold: 

Ig- The formal scheme !Dfc(G, CBg) (i-^-, QGk) depends only on (M, 0, G) and not on 
the choice of Sg (one can check this in a way similar to Proposition 2.6 (a) and Corollary 
2.7, to be compared with [Fa, Sect. 7, Rm. iii), p. 136]). 

//g- If G is smooth over W{k)^ then the reduced formal scheme Cfc(G, SG)red of 
Qk{G, !Bg) is formally smooth (the proof of this is the same as of [Va3, Cor. 4.3 (a)]). 

To be short, we will not check these two properties here and thus in what follows 
we will keep using the notations D/s(G, !Bg) and Cfc(G, !Bg). Based on Ig and IIg-, one 
expects that, under mild assumptions, the formal scheme Cfc((j, Sg) is isomorphic to 
Spf(/c[[a;i, . . . iXc_{G)\])- This is equivalent to the following two statements: 

(a) We have dimfe(t) = c-{G). 
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(b) There exists a formal closed subscheme of Cfe(G, "Bq) isomorphic to Spf(A;[[a;i, . . . , iCc_(G)]])- 

For the remaining part of this Subsection we will concentrate on the statement (a). 
Subsection 5.3 will be centered on the statement (b). 

5.2.1. Definitions. We call !D/s(G, !Bg) the formal deformation space of the triple 

{M,(j),G) (with respect to Sg). We call ek{G,'Bo)red (resp. 6^(6', Sq)) the local (resp. 
potentially non-reduced local) Traverso stratum of {M,(f),G) (with respect to !B(j). 

5.2.2. Fact. The following two properties hold: 

(a) We have dimfe(t) = c_(G) if and only ifv{0-{G)) = v{V-{G)) n v{0-). 

(b) If we have a direct sum decomposition [V-^pcj)) — {V-{G)^p(j)) ® (y_(G)"'",p0) 
of F -crystals over k, then we have viO-iG)) = fiV-iG)) fl i/(0_). 

Proof: Part (a) is obvious. To check (b), let {0-{G)-^ .pcj)) be the largest Dieudonne module 
contained in {V-^G)-^ ^pcj)). We have a direct sum decomposition 0_ = 0-{G) ©0_(G')-'-, 
cf. the very definition of 0_. This implies that z/(y_(G')) n y{0-) = iy{0-{G)). □ 

5.2.3. Example. Suppose that there exists a reductive, closed subgroup scheme H of 
G such that Lie{HB{k)) is stable under 0, we have V-{G) C Lie(i7), and the restriction 
of the trace map Tr (introduced in Subsubsection 4.1.2) to Lie(iy) x Lie{H) is a perfect 
bilinear form. Let Lie(i7)"'" be the perpendicular on Lic(i7) with respect to Tr : End(M) x 
End(M) -> W{k). Let V-{G)^ := V-nUe{H)^. As V-{G) = V-nUe{H) and the direct 
sum decomposition End(M) = Lie{H) © Lie{H)^ of VF(/c)- modules is stable under pcf), we 
also have a direct sum decomposition {V-,p(j)) — {V-{G),p(j)) © {V-{G)^ ^pcp). Thus we 
have dimfc(t) = c_(G), cf. Fact 5.2.2. 

5.2.4. Example. Suppose End(M) fl Lie{GB{k)) is a subalgebra of End(M). In this 
case Ug is a, closed subscheme of G for each S^- Thus we can assume that Si := 
{vi, . . . ,Vc_{G)) belongs to 0-{G)^'^^^'^\ We consider the deformation package P(Si) = 
(c_(G), iVi, c_(G'), A^i, t/i, C/i, -uiuniv, ^TVi, Vi, iiiSi/pSi, 9ifc, (Ilk, -^1,-^1) of 3i. The closed 
embedding qik : Spec(5'i/pS'i) )■ Spec{R/pR) is the restriction of qck to the closed 
subscheme Spec(S'i/pS'i) of S-pec{SG/pSG) defined by the ideal ixc_(G)+ii ■ ■ ■ ^Xnc) of 
Sg/pSg- Let Cfc(G, Si) be the smooth formal subscheme of Dfc((j', S^) defined by the 
closed embedding qik : Spec(5'i/pS'i) )■ Spec(i?/pi?); its dimension is c_(G). As iDis^/pS^ 
is geometrically constant (cf. Lemma 3.1 (b)), Cfc(G', Sq) contains the closed subscheme 
Qk{G, Si). Moreover the following two properties hold: 

(a) If dimfc(t) = c_(G'), then in fact we have Qk{G,'S,G) = ek{G,'Bi) = Spf{Si/pSi). 

(b) If 0_(G')2 = 0, then Corollary 2.7 implies that CkiG, Si) depends only on 0_(G) 
(i.e., on (M, 0, G)) and the Basic Theorem A implies that Cfc(G, Si) has a canonical formal 
Lie group structure isomorphic to the formal Lie group over Spf(A;) associated to D_(G)*. 

5.3. Closed subschemes of T>k{G, S^) and QkiG, S^). We begin by introducing some 
closed subgroup schemes of GLm and G that can be used to construct explicitly closed 
subschemes of Dfc(G, Sg) and Cfe(G, Sg). Let m > 1 and W = {cti,... ,am} be as in 
Example 4.3.2. We have an increasing Newton polygon slope filtration 

C M n W(ai) CMC] [W(ai) W(a2)] C • • • C M n [®'pj['^W (ai)] C M. 
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Let "K be the parabolic subgroup scheme of GLm that is the normahzer of this filtration of 

M. Let U be the unipotent radical of [K; its Lie algebra is V- . Let ViG^B{k) '■= GB{k) ^'^B(k) 
it is a unipotent subgroup of GB{k)- Let Uq be the schematic closure of ViQ^B{k) G. If 
Ug is smooth, then we have LieCilG) = V-{G). 

5.3.1. Lemma. We assume that either G is a reductive group scheme over W{k) or we 
have m <p. Then ILg is a smooth, unipotent, closed subgroup schem,e of G. 

Proof: We first assume that G is a reductive group scheme over W{k). The conditions 5.2 
(i) and (ii) imply that the Newton quasi-co character of GL^jij associated to the direct 

sum decomposition M[^] = ®YLiW{cii) normalizes GB{k)- From this and the fact that G 
is a reductive group scheme over W{k), one easily gets that Gn3i is a parabolic subgroup 
scheme of G. The unipotent radical of Gn'K has the same generic fibre as Mg and thus 
it is equal to Mg- Therefore Ug is a smooth, unipotent, closed subgroup scheme of G. 

If m < p, then = and thus one can use exponential and logarithmic maps to 
identify the vector group schemes over W{k) associated to V- and V-{G) with U and Ug 
(respectively). Therefore Ug is a smooth, unipotent, closed subgroup scheme of G. □ 

5.3.2. A more general definition of I'fc(G', Sg). Let z : Spec(VF(/c)) ■— )■ Spec(5'G) be 
the closed embedding defined by the ideal Jg = {xi, . . . , x^a) of Sg- Suppose that there 
exists a morphism 6g '• Spec(5'G) G such that the following two conditions hold: 

(i) the composite Bg ° z defines the identity section of G; 

(ii) the tangent map of 6g at 2; is a W {k)-lmear monomorphism that defines a direct 
summand A^^^ of End(M) fl Lie{GB(k)) of rank tt-g and with dim.k{i'{Nf)^)) = ug- 

As in Theorem 2.2, Faltings deformation theory implies that there exists a p-di visible 
group i^G over Spf(5'G) whose filtered F-crystal over Sg/pSg is the quadruple 

(M ®w{k) Sg, ®w{k) Sg, ^0(0 ® $Sg), Vg), 

where the connection Vg is uniquely determined by 6g(</' ® ^Sa)- To it corresponds a 
formal closed embedding q^^ : Spf(5'G) > Spf(i?) such that S)q = ^^(ij^) (cf. (ii)) which 
defines a formal closed subscheme g^^ : Cfc(G, 6g) ^ 2)/-. 
One can check that the following property holds: 

IIIg- The formal scheme T>k{G,bG) (i-e., qGk) depends only on {M,(j),G) and not 
on the choice of 6g and is equal to each Cfc(G, Sg) (one can check this in a way similar to 
Proposition 2.6 (a) and Corollary 2.7, to be compared with [Fa, Sect. 7, Rm. iii), p. 136]). 

Let ni = c_(G) and let zi : Spec(5'i) ^ Spec(S'G) be the closed embedding defined 
by the ideal (a;„^+i, . . . , Xn^) of Sg- We consider the following two conditions: 

(iii) the composite Bg o zi : Spec(S'i) — > G factors through Ug and thus through U; 

(iv) condition (iii) holds and the resulting S'l -valued point of U is an element of the 
subgroup lM^w(k)Si + O- <^w{k) Si of U(5'i). 

If (iv) holds, then the restriction of SJq ^o Spi{Si/pSi) is geometrically constant (the 
proof of this is the same as Fact 2.3 and Lemma 3.1 (b)); thus the composite Spf(S'i/p5'i) ^ 
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Spf{SG/pSG) ^ Spf (R/pR) associated to zi and qok defines a formal closed subscheme 
Qk{G, bo) of the intersection T>k{G, bo) n G/.. We have the following simple Fact. 

5.3.3. Fact. IfG andlLo are smooth overW{k) (for instance, this holds ifG is a reductive 
group scheme over W{k), of. Lemma 5.3.1), then there exists a morphism be '■ Spec{SG) — >■ 
G such that the conditions 5.3.2 (i) to (Hi) hold. If moreover, via the exponential map we 
have exp{0-{G)) C Ug(VF(/c)) (for instance, this holds if m < p), then there exists a 
morphism ho '■ Spec{SG) G such that the conditions 5.3.2 (i) to (iv) hold. 

Proof: The first part is trivial. To check the second part, let IX^ be the smooth vector 
group scheme over W{k) whose Lie algebra is 0-{G). The exponetial map defines a 
homomorphism ec '■ Uq — )■ Ug whose generic fibre is an isomorphism. The W{k)-lmeeLT 
map dcG is the inclusion 0-{G) = LieCU^) V-{G) = LieCUc). We take 6g such that 
bG°Zi factors through cg- Property (iv) holds as the composite homomorphism VLqISi) — )■ 
Ug{Si) U{Si) induced by eG{Si), factors through lM®w(fe)Si + O- ®w{k) Si. □ 

5.4. Example (the principally quasi-polarized context). Suppose that c = d and 
that D has a principal quasi-polarization A. Let i(j : M x M ^ W{k) be the perfect, 
alternating form defined by A. Suppose that G — Sp(M, ';/'). We have V-{G) C Lie(G) 
and Lie{GB{k)) is stable under 0. If and F° are anisotropic with respect to ipM and 
if F^/pF^ = F^, then factors through GSp(M, i/;) and thus it normalizes G. Either 
Dk{G, "Bg) or 'Dk{G, Bg) is the smooth formal subscheme of 2)^ which is the formal defor- 
mation space of (L',A) over Spf(A;). Thus Ig and IIIg hold. Let Dfc(G) = ©^(G,^^) = 
'Dk{G, bG)', its dimension is ^(^til. "We recall that ni = c_(G). 

In this paragraph we assume p > 2. Let (fi,... ,fni) ^ 0_(G)"'i be such that 
{v{vi),... ,v{vnj^)} is a fc-basis of zv(0_(G)). The Cayley element zu := {lM®w(k)Si - 

Er=i^i'^^i)(lM®w{fc)Si +Er=i^i®^i)~^ belongs to G{Si) r\[lM^w^^:)Si + O- 'S)w{k) Si] 
and thus also to 'Ug(5'i) = G{Si) n U(S'i). This implies that we can choose 6g such that 
bG o zi : Spec(5'i) G is zu and therefore such that the conditions 5.3.2 (i) to (iv) hold. 

If p = 2, then in this paragraph we assume that m < 2 (or that bG is such that the 
condition 5.3.2 (iv) holds). From the Fact 5.3.3 and the previous paragraph, we get that 
regardless of what p is, we can choose bG such that the conditions 5.3.2 (i) to (iv) hold. Thus 
from the end of Subsection 5.3.2 we get that Qk{G) contains a formal closed subscheme 
isomorphic to Spf(A;[[xi, . . . , x^^J]). If p > 2, then the restriction of the trace map Tr to 
Lie(G) X Lie(G) is a perfect bilinear form. Thus if p > 2, then we have dimfe(t) = ni (cf. 
Example 5.2.3) and therefore Cfe(G) is isomorphic to Spf(/s[[a;i, . . . ,a;„J]). 

We use the notations of the beginning paragraphs of Section 4. Manin's symmetric 
condition says: for z e {1, . . . ,m} we have ctj + am+i-i = 1 and Tq.. = ra^^i_i- We have 

y_(G)[^] = (B^a,p)exV-{G)[^] n [Hom(I^(/3), W{a)) © Hom(iy(l - a), W{1 - /3))]. 

If a + 1 and {a, /3) G X, then t(;M{W{^),W{a)) ^ ipM{W{l - a),W{l - /3)) = and 
it is easy to see that F_(G)[i] n [Hom(W^(/3), W{a)) ®iiom{W{l - a),W{l - P))] has the 
same dimension r^r/j as }iom.{W{P),W{a)). If ck + /5 = 1 and {a, /3) e X, then {W{/3) © 
W{a),'ipM) is an alternating space over B{k); thus (V_(G)[^] r\'H.om.{W{P),W{a)),p(l)) 
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is an isoclinic F-isocrystal of Newton polygon slope 1 — P + a = 2a, rank I^i!^ — and 
codimension I°Lil^+ll(i _ 2a). From the last two sentences and (20), similar to (21) we 
get: 

(22) ^ 111 

^1 = 2 c-{{a,p})+ J2 '>^c.{ra + l){^-a) = -C-+ ^ ra{--a). 

{a,l3)eX,a+l3j^l (a,l-a)eX (Q:,l-a)eX 

Formulas equivalent to (22) were first obtained in [Oo]. 
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